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ABSTRACT

Estimating the probability of collision between spacecraft
is crucial for risk management and collision-avoidance
strategies. Current methods often rely on Gaussian as-
sumptions and simplifications, which can be inaccurate in
highly nonlinear scenarios. This paper presents a general
and efficient approach for computing collision probabil-
ities without relying on such assumptions. Using high-
order multivariate Taylor polynomials, we propagate sta-
tistical moments of initial uncertainties to the point of
closest approach between the spacecraft. To compute
the probability of collision, we derive a semi-analytical
expression for the probability density function (PDF) of
the closest approach distance, inferred from the propa-
gated moments using orthogonal polynomials. Tested
on various short-term and long-term encounters in low-
Earth orbit, our method accurately handles nonlinear dy-
namics, non-Gaussian uncertainties, and irregular distri-
butions. This versatile framework advances space situa-
tional awareness by providing precise collision probabil-
ity estimates in complex dynamical environments. More-
over, our methodology applies to any dynamical system
with uncertainty in its initial state and is therefore not re-
stricted to collision probability estimation.

1. INTRODUCTION

Estimating the probability of collision between space-
craft and space debris is the first mandatory step for man-
aging risks in space operations and designing effective
collision-avoidance strategies. With the growing density
of debris in key orbital regions, a precise yet efficient
approach to compute collision probabilities is needed to
safeguard active satellites and space infrastructure.

Collision probability computation methods can generally
be categorized into two groups: those designed for short-
duration encounters, where relative motion can often be
approximated as linear, and those for long-duration en-
counters, where nonlinear effects must be considered.

Analytical approaches exist for both cases, with many re-
lying on Gaussian uncertainty assumptions and linearized
dynamics to simplify the problem [2]. However, these as-
sumptions can introduce significant errors in highly non-
linear scenarios, such as encounters in highly elliptical
orbits, low-velocity conjunctions, or cases where uncer-
tainty distributions deviate from Gaussianity.

The Monte Carlo (MC) approach provides a high-
precision method for estimating collision probabilities by
directly sampling from the uncertainty distribution and
propagating many trajectories. However, MC simula-
tions are computationally expensive, making them im-
practical for real-time applications, especially when ex-
tremely low-probability events must be resolved with
high confidence. Recent advances, such as the Taylor
Monte Carlo (TMC) method [13], have sought to improve
efficiency by using high-order Taylor series expansions
to approximate trajectory propagation while maintaining
the sampling-based nature of MC methods. While TMC
can offer computational gains over standard Monte Carlo,
it still requires a large number of samples to reach a sig-
nificant level of statistical confidence.

Our proposed approach also employs high-order Taylor
polynomials to model the flow of the dynamics. How-
ever, rather than relying on random sampling, we directly
map the statistical moments of the initial conditions to
the state at the closest approach, following the method
presented in [1]. These moments provide a compact rep-
resentation of the uncertainty distribution at the conjunc-
tion event. The method is semi-analytical, meaning that
its computational cost remains independent of the proba-
bility of collision. Additionally, the computed probability
converges to the true probability as the number of mo-
ments and the order of the Taylor polynomial increase,
ensuring both efficiency and accuracy.

A key challenge in our framework is translating the prop-
agated moments into a probability density function (PDF)
and ultimately into a probability of collision. To address
this, we go beyond the moment-propagation methodol-
ogy of [1] and derive an analytical expression for the PDF
of the closest approach distance during an uncertain con-
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junction. Our method infers the PDF from the statisti-
cal moments using orthogonal polynomials [21], yielding
a semi-analytical and computationally efficient solution
for computing probabilities in uncertain scenarios. This
process does not rely on strong simplifying assumptions
(e.g., Gaussian distribution, long or short-term encoun-
ters, etc.), thereby making the method general in nature
and applicable to any dynamical system, also beyond that
of satellite conjunctions.

We evaluate the technique on a range of short-term and
long-term encounter scenarios in low-Earth orbit, using
real satellite population data from January 2022. Through
these test cases, we show that our method accurately esti-
mates the probability of collision in a number of scenar-
ios where nonlinear dynamics and irregular distributions
are prevalent, such as encounters with small relative ve-
locities or non-Gaussian uncertainties. This is an impor-
tant contribution in the field of space situational aware-
ness, as it makes no assumption on the distribution of un-
certainty or the encounter duration, unlike most current
approaches. As a result, our method offers a versatile and
accurate solution for collision probability estimation in
complex dynamical environments.

The main contribution of this paper is a methodology to
estimate the probability of collision between two space-
craft, given (a) the initial state of both satellites before the
encounter, and (b) the moments of the probability distri-
bution of the initial state. This is done in four steps:

1. Compute a Taylor map of the state at the event of
closest approach between the two spacecraft, given
some perturbation in the initial state. This is based
on the methodology for Taylor expansion to an event
manifold presented in [15].

2. Propagate the moments of the square distance be-
tween the spacecraft at closest approach, using on
the methodology presented in [1].

3. Estimate the probability density function (PDF)
of the square distance between the spacecraft at
their closest approach from its moments, using the
methodology presented in [21].

4. Integrate the PDF on a suitable interval to obtain the
probability of collision.

While we present our contribution in the context of esti-
mating collision probability, its applicability extends far
beyond this specific task. More generally, it can be used
to estimate the probability density function of a system’s
state—or any function thereof—given the distribution of
its initial conditions. This makes our approach a versa-
tile tool for uncertainty quantification in dynamical sys-
tems. In particular, it provides an approximate solution to
the Fokker-Planck equation without a diffusion term [17],
offering a computationally efficient alternative for mod-
eling probability evolution in deterministic settings.

P (E) Probability of event E
x Random variable
E[x] Expected value of x
x⃗ = [x1, . . . , xn]⊤ State vector
x⃗0 Initial state
ξ⃗0 Nominal initial state
δx⃗0 = x⃗0 − ξ⃗0 Initial perturbation
x⃗CA, ξ⃗CA, δx⃗CA State at closest approach
DCA Distance at closest approach

Table 1. Mathematical notation.

The remainder of this paper is organized as follows. In
Section 2, we introduce the relevant notations and con-
cepts from probability theory. The key methods central
to our contribution are described in Section 3, includ-
ing the formalism of flow expansion with Taylor poly-
nomials (Section 3.1) and its recent extension to event
manifolds (Section 3.2). The methodology for nonlinear
moment propagation is detailed in Section 3.3, followed
by the semi-analytical estimation of the probability den-
sity function from moments in Section 3.4. Our primary
methodological contribution, focused on estimating the
probability of collision between spacecraft, is presented
in Section 4. A quantitative evaluation of the proposed
approach using simulated examples is provided in Sec-
tion 5. Finally, we present our conclusions in Section 6.

2. BACKGROUND

The mathematical notation is summarized in Table 1.
Vector-valued functions might or might not be indicated
by an arrow, depending on the context: on the one hand,
multivariate functions taking some state vector x⃗ as in-
put are noted f(x⃗) = [f1(x⃗), . . . , fm(x⃗)]⊤. On the other
hand, we might consider a vector y⃗ to be a function of
time, hence noted y⃗(t).

The probability density function (PDF) is a function de-
scribing the probability distribution of absolutely contin-
uous random variables (that we call continuous random
variables for short). The PDF of a continuous random
variable x is a function g(x) such that the probability that
x belongs to some set of values A is

P (x ∈ A) =

∫
A

g(x)dx. (1)

The expected value of a random variable corresponds to
the intuitive notion of mean, or average value. For con-
tinuous random variables, it is defined as

E[x] =
∫

xg(x)dx (2)

where the integral is taken over the set of all possible val-
ues that x can take. The expected value is a special case



of the more general notion of moment. Two types of mo-
ments exist: raw moments and central moments. In this
paper, we are mainly concerned with the raw moments.
As an abuse of language, we might refer to the raw mo-
ments simply as the moments. The raw moment of order
k ∈ N of a continuous random variable x is defined as

E
[
xk
]
=

∫
xkg(x)dx. (3)

One can see that the case k = 1 corresponds to the ex-
pected value. This definition can be generalized to the
multivariate case, leading to the notion of mixed raw mo-
ments:

E
[
xk1
1 . . .xkn

n

]
=

∫
· · ·
∫

xk1
1 . . . xkn

n g(x1, . . . , xn)dxn . . . dx1 (4)

where g(x1, . . . , xn) is the joint PDF of x1, . . . ,xn. In
this paper, we adopt the notation of multi-index, which is
a tuple α = (α1, . . . , αn) ∈ Nn such that we write, for
any vector x⃗ = [x1, . . . , xn]

⊤,

x⃗α = xα1
1 . . . xαn

n . (5)

This enables the more compact notation

E [x⃗α] =

∫
x⃗αg(x⃗)dx⃗. (6)

We also note α! = α1! . . . αn! and |α| = α1 + · · ·+ αn.

The task of finding a PDF that fits a given list of moments
is called the moment problem [18]. In the continuous uni-
variate case, it can be expressed as follows: given an infi-
nite sequence of moments m1,m2, . . . , find a probability
density function g(x) such that for all d ∈ N,

md =

∫
Ω

xdg(x)dx (7)

for some domain of integration domain Ω ⊆ R. When
Ω = R, this is called the Hamburger moment problem;
when Ω = [0,∞), it is referred to as the Stieltjes mo-
ment problem; and when Ω = [0, 1], this is called the
Hausdorff moment problem. Note that, for any a, b ∈ R,
the case Ω = [a,∞) or Ω = (−∞, b] can be reduced to
the Stieltjes moment problem, and the case Ω = [a, b] can
be reduced to the Hausdorff moment problem.

3. METHODS

We introduce a series of methods from the literature on
dynamical systems and probability theory that will be
used in our proposed approach for the estimation of col-
lision probability.

3.1. Taylor expansion of the flow

Consider the generic dynamical system{
˙⃗x(t) = f(x⃗(t), q⃗)

x⃗(0) = x⃗0

(8)

where x⃗(t) ∈ Rn is the state vector at time t, x⃗0 ∈ Rn

is some initial condition1, q⃗ ∈ Rm is a vector of param-
eters, and f : Rn × Rm → Rn represents the system
dynamics. The solution to this initial value problem is
represented by the flow function, ϕ(t; x⃗0, q⃗), with com-
ponents noted ϕ1, . . . , ϕn. We are interested in the vari-
ation of ϕ at some final time tf given some deviation
δx⃗0, δq⃗ in the initial conditions and parameter values. We
note x⃗0 = ξ⃗0 + δx⃗0, where ξ⃗0 represents the nominal ini-
tial conditions, and q⃗ = ρ⃗ + δq⃗, where ρ⃗ represents the
nominal parameter values. Let us note the nominal tra-
jectory ξ⃗(t) = ϕ(t; ξ⃗0, ρ⃗) and the perturbed trajectory
x⃗(t) = ϕ(t; x⃗0, q⃗). We define

δx⃗f = x⃗(tf )− ξ⃗(tf ) (9)

= ϕ(tf ; x⃗0, q⃗)− ϕ(tf ; ξ⃗0, ρ⃗). (10)

For brevity, we use the notation

z⃗ =

[
x⃗0

q⃗

]
, δz⃗ =

[
δx⃗0

δq⃗

]
, ζ⃗ =

[
ξ⃗0
ρ⃗

]
. (11)

Let us compute the Taylor polynomial expansion of order
N of the ith component of δx⃗f with respect to δz⃗:

δxi
f ≈ Pi(δz⃗) (12)

=
∑

|α|≤N

1

α!

∂|α|ϕi(tf ; ζ⃗ + δz⃗)

∂δz⃗α

∣∣∣∣∣
δz⃗=0⃗

δz⃗α (13)

where α = (α1, . . . , αm+n) is a multi-index. We
discarded the Taylor expansion of the term ϕ(tf ; ζ⃗)
in Eq. (10) since it does not depend on δz⃗. Further-
more, since ζ⃗ and δz⃗ contribute identically to the term
ϕ(tf ; x⃗0, q⃗) = ϕ(tf ; ζ⃗ + δ⃗z) in Eq. (10), we can write

Pi(δz⃗) =
∑

|α|≤N

1

α!

∂|α|ϕi(tf ; z⃗)

∂z⃗α

∣∣∣∣
z⃗=ζ⃗

δz⃗α (14)

=
∑

|α|≤N

1

α!

∂|α|xi(tf )

∂z⃗α

∣∣∣∣
z⃗=ζ⃗

δz⃗α (15)

For simplicity, we define

∂αx
i(tf ) =

∂|α|xi(tf )

∂z⃗α

∣∣∣∣
z⃗=ζ⃗

(16)

1From now on, subscripts such as 0, f or CA applied on vectors
indicate time, rather than a component of the vector. Components of
state vectors are denoted with superscripts.



which gives the shorter notation

δxi
f ≈ Pi(δz⃗) =

∑
|α|≤N

∂αx
i(tf )

α!
δz⃗α. (17)

The partial derivative terms ∂αx
i(tf ) can be com-

puted using modern integration software such as Heyoka
[7]. We call the multivariate Taylor polynomial P =
[P1, . . . ,Pn] the Taylor map.

3.2. Propagation to an event manifold

In this section, we describe the process of creating a Tay-
lor map for the final state of a system onto an arbitrary
event manifold. This approach differs from conventional
Taylor maps, as presented in Section 3.1, where the final
time is fixed. An event manifold refers to a subspace of
the state space that satisfies a specified condition, with
the time required to reach this manifold varying based
on the initial state. This is illustrated in Fig. 1. For in-
stance, one might construct a Taylor map onto the clos-
est approach between two spacecraft, where the time to
reach this closest approach depends on the initial state.
This methodology was introduced in [15], which consid-
ered three applications: asteroid landing, interplanetary
transfer, and drone racing. The Python package Heyoka
implements the necessary machinery for event detection
[6]2.

Formally, given an event function e : Rn → R, the set of
values of x⃗ such that e(x⃗) = a for some a ∈ R defines an
event manifold E :

E = {x⃗ ∈ Rn : e(x⃗) = a}. (18)

Without loss of generality, we set a = 0. The function e
can represent, for example, the distance to the surface of
an asteroid, or, in our case, the relative velocity between
two spacecraft. We assume that the nominal trajectory
ξ⃗(t) is such that it reaches the event manifold at time tf .
This is expressed mathematically as

e
(
ξ⃗(tf )

)
= 0. (19)

To obtain a Taylor map onto this event manifold, we
leverage two key ideas.

The first key idea is to add a variable to the system, noted
ε(t), whose value at all times is e(x⃗(t)). The time t∗

such that ε(t∗) = 0 can vary depending on the initial
condition x⃗0. One can show that the time derivative of ε
is ε̇ = ∇e(x⃗(t)) · f , where ∇e(x⃗(t)) is the gradient of
e with respect to all n components of x⃗(t) evaluated at
x⃗(t), the operator □ ·□ represents the usual dot product,
and f represents the dynamics of the system as in Eq. (8).
Hence the new dynamical system is{

˙⃗x(t) = f(x⃗(t), q⃗), x⃗(0) = x⃗0,

ε̇(t) = ∇e(x⃗(t)) · f, ε(0) = e(x⃗0).
(20)

2A tutorial is available at https://bluescarni.github.
io/heyoka.py/notebooks/map_inversion.html

ξ⃗0

x⃗0

δx⃗0
ξ⃗f

x⃗f

δx⃗f

e = 0

x⃗event

Figure 1. Propagation of the state to an event manifold
(dashed line). The state x⃗f is reached at time tf , but this
final state may not lie on the event manifold anymore.
The adapted Taylor map accounts for this by extending
the propagation to a slightly later time, ensuring the final
state lies on the manifold.

The second technique is to decouple the physical final
time tf from the numerical final time used by the integra-
tor. This is achieved by introducing a formal parameter
T = tf into the system (in addition to the vector q⃗) to
represent the physical final time, while numerically inte-
grating the system over a normalized time interval from
t = 0 to t = 1. By treating T as a formal parame-
ter within the system rather than as an external setting
for the numerical integrator, we gain the ability to ma-
nipulate it algebraically, which will prove useful in the
remainder of this section. Mathematically, this is accom-
plished by a change of variable, letting τ = t/T , and thus
dτ/dt = 1/T . Applying the chain rule, the dynamics of
the new system becomes

dx⃗(τ)

dτ
= Tf(x⃗(τ), q⃗)

dε(τ)

dτ
= T∇e(x⃗(τ)) · f

(21)

For clarity and consistency with the rest of the paper, we
will use this system but still write t instead of τ in the
equations that follow.

After applying these two modifications, the Taylor map of
the system (as derived in Section 3.1) takes two additional
input arguments, a new initial state component δε0 and a
new parameter component δT . Its output contains one
additional component corresponding to δεf :

δx1
f ≈ P1(δx⃗0, δε0, δq⃗, δT ) (22)

...
δxn

f ≈ Pn(δx⃗0, δε0, δq⃗, δT ) (23)

δεf ≈ Pε(δx⃗0, δε0, δq⃗, δT ). (24)

Using only the last component of this Taylor map, we
create a new map N , defined as follows:

N (δx⃗0, δε0, δq⃗, δT ) =

 δx⃗0

δε0
δq⃗

Pε(δx⃗0, δε0, δq⃗, δT )

 (25)

We then apply the nonlinear map inversion procedure de-
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scribed in [4, Sec. 2.3.1] to obtain the inverse map N−1:

N−1(δx⃗0, δε0, δq⃗, δεf ) =

 δx⃗0

δε0
δq⃗

PT (δx⃗0, δε0, δq⃗, δεf )


(26)

The last component of N−1 effectively returns the delta
in time that leads to a given value of δεf given some
perturbations in the initial conditions. Setting as input
δef = 0 thus gives to the delta in time needed to reach
the event manifold. More explicitly, for any initial per-
turbation, we now have

δTevent ≈ PT (δx⃗0, δε0, δq⃗, 0) (27)

where the value of δε0 is naturally computed as

δε0 = e(ξ⃗0 + δx⃗0)− e(ξ⃗0) (28)

The state on the event manifold is computed using
Eqs. (22) to (23) a follows:

x1
event = ξ1 + δx1

event (29)

≈ ξ1 + P1(δx⃗0, δε0, δq⃗, δTevent) (30)
...

xn
event = ξn + δxn

event (31)
≈ ξn + Pn(δx⃗0, δε0, δq⃗, δTevent). (32)

3.3. Nonlinear moments propagation

The Taylor map gives a way to compute the deviation of
the final state from the nominal trajectory given some ini-
tial perturbation. Uncertainty propagation goes one step
further by estimating the probability distribution of the
final state given the probability distribution of the pertur-
bations on the initial state. We build upon the approach
in [1] which propagates the raw moments of the distribu-
tion in nonlinear systems. We now consider δx⃗0 to be a
random variable, which we denote with a bold font δx⃗0.
The computation of the first moment (i.e., the expected
value) of the perturbation at tf relies on the linearity of
the expected value operator:

E
[
δxi

f

]
≈ E [Pi (δx⃗0)] (33)

= E

 ∑
|α|≤N

∂αx
i(tf )

α!
δx⃗α

0

 (34)

=
∑

|α|≤N

∂αx
i(tf )

α!
E [δx⃗α

0 ] . (35)

One thus needs the expression of the moments of the dis-
tribution of the initial perturbations, E [δx⃗α

0 ], up to or-
der N . Given that the initial perturbation follows some
known distribution, such as a normal or a uniform distri-
bution, computing these moments can be done, for exam-
ple, using its moment generating function. More details
can be found in [1].

Multivariate moments can be computed similarly, at the
expanse of a larger number of operations. We only show
the formula of the second mixed moment, but other mo-
ments follow a similar pattern.

E
[
δxi

fδx
j
f

]
≈ E

 ∑
|α|≤N

∂αx
i(tf )

α!
δx⃗α

0

∑
|β|≤N

∂βx
j(tf )

β!
δx⃗β

0

 (36)

= E

 ∑
|α|≤N

∑
|β|≤N

∂αx
i(tf )

α!

∂βx
j(tf )

β!
δx⃗α+β

0

 (37)

=
∑

|α|≤N

∑
|β|≤N

∂αx
i(tf )

α!

∂βx
j(tf )

β!
E
[
δx⃗α+β

0

]
. (38)

3.4. PDF estimation from the moments

This section describes the semi-analytical approach intro-
duced in [21] to estimate a probability density function
(PDF) f(x) of some continuous random variable x when
only its moments are known. This is the moment prob-
lem, introduced in Section 2. Numerous solutions to the
moment problem have been proposed in the literature, in-
cluding those based on classical orthogonal polynomial
families such as Hermite polynomials [9] and Laguerre
polynomials [12, 19], as well as more modern techniques
like kernel density functions [3]. The method in [21] gen-
eralizes the approaches based on orthogonal polynomials
by establishing the general conditions for their applica-
bility and providing a unified expression for their solu-
tions. This framework enables the selection of the most
suitable orthogonal polynomial family based on the prob-
lem’s characteristics, offering flexibility and efficiency.
Additionally, the method naturally extends to multidi-
mensional problems, a feature not shared by all other ap-
proaches. However, in our application, this generaliza-
tion is less relevant, as only a one-dimensional PDF is re-
quired to estimate the probability of collision, as we will
see in Section 4. In this section, we provide an overview
of orthogonal polynomials and explain how to leverage
them to estimate a univariate probability density function
from its moments. We do not discuss the conditions re-
quired for the method’s applicability or its generalization
to the multidimensional case, which can be found in [21].

The starting point of the approach is to consider a family
of orthogonal polynomials, which is an infinite sequence
of polynomials P0(x), P1(x), P2(x), . . . that are orthog-
onal to each other. This means that, given some weight
function3 w(x), their inner product satisfies

⟨Pi(x), Pj(x)⟩ =
∫

Pi(x)Pj(x)w(x)dx = δi,j (39)

3This definition using a weight function applies only when the mea-
sure considered in the inner product is absolutely continuous. This con-
dition is always satisfied for the classical orthogonal polynomial fami-
lies considered in this paper.



where δi,j is 0 if and only if i ̸= j. If we further re-
quire that δii = 1, then the polynomials are orthnormal.
Different weight functions give rise to different orthog-
onal polynomials. From this definition, one can show
that the sequence of polynomials forms a basis on the
vector space of all polynomials: any polynomial P (x)
can be written as a unique linear combination C0P0(x)+
C1P1(x) + . . . Then, by the Weierestrass-Stone approx-
imation theorem [20], any continuous function g(x) on
a closed interval [a, b] can be approximated arbitrarily
closely by polynomials. This means that there exists an
infinite sequence of real coefficients C0, C1, C2, . . . such
that

g(x) =

∞∑
i=0

CiPi(x). (40)

Going back to the moment problem, let us note the un-
known probability density function as f(x). We consider
a given weight function w(x), which is referred to in [21]
as the reference distribution. We will use both terms in-
terchangeably. The reason behind this nomenclature will
be made evident at the end of this section, where we dis-
cuss of how to find an appropriate function w(x) in prac-
tice. Let us consider the expansion in terms of orthogonal
polynomials Pi(x) of the function f(x)/w(x):

f(x)

w(x)
=

∞∑
i=0

CiPi(x). (41)

If we can find the values of C0, C1, . . . , then the PDF is
estimated as

f(x) = w(x)

∞∑
i=0

CiPi(x). (42)

The value of Ci is in fact the inner product〈
f(x)

w(x)
, Pi(x)

〉
=

∫
f(x)

w(x)
Pi(x)w(x)dx (43)

=

∫ ∞∑
j=0

CjPj(x)Pi(x)w(x)dx (44)

=

∞∑
j=0

Cj

∫
Pj(x)Pi(x)w(x)dx (45)

=

∞∑
j=0

Cjδi,j = Ci. (46)

In parallel, we can develop the inner product as〈
f(x)

w(x)
, Pi(x)

〉
=

∫
f(x)

w(x)
Pi(x)w(x)dx (47)

=

∫
f(x)Pi(x)dx = E[Pi(x)]. (48)

−0.5 0.0 0.5 1.0
x

0
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Figure 2. Example of PDF estimation, using the first
12 moments of a mixture of Gaussian distributions (solid
line). The reference distribution (dotted line) is a gen-
eralized beta distribution on [−1, 1] with α = 12.7 and
β = 6.4. The estimated PDF is shown with the dashed
line.

Therefore, we found that

Ci = E[Pi(x)] = E

[
i∑

n=0

ai,nx
n

]
(49)

=

i∑
n=0

ai,nE[xn] (50)

where ai,0, ai,1, . . . , ai,i are the coefficients of the poly-
nomial Pi(x). In practice, the sum in Eq. (42) is truncated
based on the number of available moments of x.

An important property of the reference distribution is
its connection to classical orthogonal polynomial fam-
ilies [21] For example, if w(x) is chosen as the PDF
of a uniform distribution, the resulting polynomials
P0(x), P1(x), . . . are in fact the Legendre polynomials
(with an appropriate normalization factor). Similarly,
selecting the beta distribution as w(x) gives the Jacobi
polynomials, the gamma distribution gives the Laguerre
polynomials, and the normal distribution gives the Her-
mite polynomials. The appropriate weight function w(x)
can be selected based on prior knowledge on the distribu-
tion of x. This weight function, also known as the refer-
ence distribution, determines the overall shape of the esti-
mated PDF. The polynomial expansion, built on the given
moments, then acts as a refinement to capture higher-
order variations beyond this basic shape. This concept
is illustrated in Fig. 2. If a reference distribution is cho-
sen that approximately matches the given moments, the
polynomial expansion procedure will effectively capture
finer details of the true PDF. For example, the parameters
of the reference distribution can be tuned to align with
the first few moments of the target distribution, a tech-
nique referred to as the method of moments. In practice,
we found that matching the first two moments of the ref-
erence distribution is crucial for achieving good perfor-
mance with a limited number of propagated moments.

In practice, we select the weight function as follows:



• If the domain of x is a known interval [u, v],
use a beta distribution generalized to the do-
main [u, v] (instead of the usual domain [0, 1]),
noted Beta(α, β, u, v), as described in [10,
Sec. 1.3.6.6.17]:

w(x) =
1

B(α, β)

(x− u)α−1(v − x)β−1

(v − u)α+β−1
(51)

where B is the beta function. Note that this weight
function is a generalization of the beta and uniform
weight functions presented in [21]. We derive ad-
ditional properties of this weight function necessary
for PDF estimation in Appendix A.

• If the domain of x is the half real line [0,∞), use a
gamma distribution Gamma(α, λ).

• Otherwise, use a normal distribution N (µ, σ2).

As discussed earlier, the parameters of these reference
distributions should be fitted using the method of mo-
ments from the first moments of x. In practice, we also
observed that the gamma distribution performs poorly
when most of its probability mass is “far away” from
zero. This occurs when the shape parameter α of the
gamma distribution is large. In this case, the normal dis-
tribution can be used instead, as the gamma distribution
converges to the normal distribution for large values of α.

4. PROBABILITY OF COLLISION

The methods presented in Section 3 can be applied se-
quentially to estimate the probability of collision between
two spacecraft. Unlike common approaches such as the
Akella method [2], our framework avoids several sim-
plifying assumptions. First, the use of high-order Tay-
lor polynomials eliminates the need for a linearized flow
function. Second, we do not assume a specific family
for the initial state probability distribution, whereas the
Akella method and others typically impose a multivari-
ate normal distribution. Third, propagating to the event
manifold removes the assumption of linear trajectories at
closest approach—an approximation that fails for long-
term encounters, such as those in GEO [8]. Notably, our
approach shares these advantages with the Taylor Monte
Carlo method [13], as both leverage high-order Taylor
expansions on an event manifold. However, unlike Tay-
lor Monte Carlo, our method is semi-analytical—it does
not rely on random sampling, ensuring that computation
time remains constant regardless of the collision proba-
bility. We make the mild assumption of hard body ra-
dius [14], which states that the shape of both spacecraft
can be simplified to two spheres of radius RA and RB ,
such that a collision occurs whenever the relative distance
between the spacecraft is less than the collision radius
R = RA +RB .

Our methodology aims to estimate the PDF of the
squared relative distance, D2

CA, between two spacecraft

at their closest approach. This choice, as opposed to mod-
eling DCA directly, avoids the complications introduced
by the square root operation, which can amplify errors
when manipulating Taylor polynomials. One might won-
der whether integrating the PDF of the (square) distance
at closest approach is indeed the same as computing the
probability of collision. We demonstrate in Appendix B
that this is indeed the case.

The first step is to construct a Taylor polynomial PD2
CA

that approximates D2
CA as a function of perturbations in

the initial state. This polynomial is derived using the
identity:

PD2
CA

= Pδx2
CA

+ Pδy2
CA

+ Pδz2
CA

. (52)

Each term on the right-hand side is obtained through the
algebra of truncated Taylor polynomials [5], applied to
the Taylor map of the state on the closest approach mani-
fold, as described in Section 3.2. Notably, truncated Tay-
lor polynomials of a given order are closed under oper-
ations such as multiplication. This means that, given a
Taylor polynomial PδxCA

of order d, all terms of order
larger than d in its square Pδx2

CA
= PδxCA

·PδxCA
can be

safely discarded without loss of precision.

With PD2
CA

constructed, we compute its moments using
the moment propagation methodology from Section 3.3,
and reconstruct the PDF fD2

CA
with orthogonal polyno-

mials, following Section 3.4. The probability of colli-
sion is then obtained by integrating fD2

CA
from zero to

the square of the collision radius, R2. We derived several
closed-form expressions for this integral, depending on
the choice of reference distribution, allowing the proba-
bility of collision to be computed without numerical in-
tegration. These closed-forms expression are reported in
Appendix C.

A schematic representation of this procedure is depicted
in Fig. 3, and can be summarized as follows:

1. Consider a trajectory of a close encounter be-
tween spacecraft A and B. Specifically, integrate
the dynamics from the nominal initial conditions
ξ⃗0,A, ξ⃗0,B at t0 up to the point of closest approach
ξ⃗A(tf ), ξ⃗B(tf ) between A and B at tf using an event
detection mechanism [6].

2. Expand the flow of the system around the nominal
trajectory to obtain a Taylor map Pf (δx⃗0,A, δx⃗0,B)
of the final state at tf (see Section 3.1).

3. Form a Taylor map PCA(δx⃗0,A, δx⃗0,B) of the state
onto the manifold of closest approach between A
and B using the scheme described in Section 3.2.

4. Form a polynomial PD2
CA

(δx⃗0,A, δx⃗0,B) of the
square distance between A and B at their closest ap-
proach using the algebra of truncated polynomials
(Eq. 52)



ξ⃗0,A, ξ⃗0,B ξ⃗A(tf ), ξ⃗B(tf )

Pf (δx⃗0,A, δx⃗0,B)PCA(δx⃗0,A, x⃗0,B)

PD2
CA

(δx⃗0,A, x⃗0,B) E[δx⃗α
0,A, δx⃗

β
0,B ]

E[D2
CA],E[D
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CA], . . .

fD2
CA

(d) P (collision)

Integration until
closest approach

Flow expansionAdaptation to
event manifold

Truncated
polynomial algebra

Moments propagation

PDF estimation

Integration

Figure 3. Flow diagram of our proposed approach for
estimating the probability of collision. Inputs are indi-
cated with bold borders, while the output is shown with a
dashed border.

5. Estimate the moments E[D2
CA],E[D

4
CA], . . . of

the square distance at closest approach using the
methodology described in Section 3.3.

6. Estimate the PDF fD2
CA

(d) of the distribution of the
distance at closest approach using the approach de-
scribed in Section 3.4.

7. Integrate the PDF on the range [0, R2] where R is the
collision radius, to obtain the probability of collision
(Appendix C).

While we also considered modeling the PDF of the rela-
tive position (a vector quantity) instead of the relative dis-
tance (a scalar quantity), this approach introduced signifi-
cant complications due to the need for multivariate PDFs
and integrals. Thus, focusing on D2

CA provides a more
efficient and tractable solution.

5. BENCHMARK

To evaluate our moment-based method, we compare it
against the Akella method and the Taylor Monte Carlo
(TMC) method. As a ground truth reference, we use a
simple Monte Carlo sampling approach. Given that we
consider probabilities of collision as small as 10−5 to be

Spacecraft Radial Transverse Normal

A 0.625 10 3.025
B 5.625 90 27.225

Table 2. Variance along each axis of the multivariate
normal distribution, in meters squared. We assume the
covariance matrix to be diagonal (cross-variable terms
are zero).

significant [11], the Monte Carlo and TMC approaches
use 223 ≈ 8 × 106 random samples. We consider both
a gamma and a normal reference distribution for the mo-
ment method, selecting the most effective one depending
on the conjunction.

Our dataset is derived from the satellite population
recorded in January 2022, using data extracted from Ce-
lesTrak. From this population, we selected satellites with
semi-major axes below 50 000 km. We then simulated
their trajectories over one week using the Python package
Cascade4, assuming simple Keplerian dynamics. Con-
junction events with a miss distance of less than 1000
meters were identified and recorded. From this dataset,
we selected 22 encounters covering a range of miss dis-
tances and relative velocities (see Table 3). Each en-
counter was then back-propagated by 1 hour, 1 day, or
1 week to generate different initial conditions. We model
uncertainty in the initial conditions exclusively in the po-
sition components. Specifically, we consider two prob-
ability distributions: the multivariate normal distribution
from [16] (see Table 2) and a uniform distribution over
[−1m, 1m]. Each distribution is scaled by factors of 0.1,
1, and 10, yielding six distinct uncertainty scenarios. The
uncertainty distribution is initially expressed in the ra-
dial, transverse and normal (RTN) reference frame, and
then rotated to match the orientation of the spacecraft.
Overall, the 22 initial encounters, 3 integration times and
6 initial distributions result in a dataset of 396 encounters
scenarios.

Results are reported in Figs. 4 and 5, and the runtime
of each method is shown in Fig. 6. In Fig. 4, we com-
pare the true and predicted collision probabilities for each
method across all conjunctions in the dataset, considering
only cases where the true probability is nonzero. We see
that the Akella and Taylor Monte Carlo (TMC) methods
generally provide accurate estimates, while the moments
method exhibits slightly larger errors but still predicts the
correct order of magnitude in most cases.

In Fig. 5, we show the mean squared error of each method
as a function of integration time and the type of uncer-
tainty distribution in the initial conditions. While the
Akella and moments methods maintain a relatively con-
sistent error across integration times and distributions,
the TMC approach performs worse for longer integration
times. This is due to cases where the true probability of
collision is zero, yet TMC predicts a nonzero probability.
Although both the moment method and TMC rely on the

4https://github.com/esa/cascade

https://github.com/esa/cascade


ID
aA eA iA ΩA ωA EA aB eB iB ΩB ωB EB ∥∆r∥ ∥∆v∥

[km] [-] [°] [°] [°] [°] [km] [-] [°] [°] [°] [°] [m] [m/s]

1 6920 1.6× 10−3 0.93 1.28 1.77 3.05 6920 1.6× 10−3 0.93 1.63 1.59 3.02 5.8 2104.8
2 6921 5.2× 10−4 0.93 2.59 1.30 0.60 6921 7.5× 10−4 0.93 3.64 2.36 −1.12 12.9 6068.8
3 6804 8.2× 10−4 1.70 3.13 4.85 2.98 6778 5.3× 10−3 1.44 0.29 4.18 −2.62 16.9 15 105.1
4 6919 1.6× 10−3 0.93 0.42 1.67 3.07 6919 1.6× 10−3 0.93 0.50 1.64 3.05 72.2 529.2
5 6899 1.2× 10−3 1.29 0.49 2.75 −0.77 6898 1.8× 10−3 1.70 3.32 2.28 −1.18 68.9 14 995.6
6 6727 8.7× 10−4 0.93 5.16 1.43 2.52 6727 8.1× 10−4 0.93 5.16 1.42 2.53 169.7 0.5
7 6975 2.8× 10−3 1.71 1.98 1.32 −3.02 6978 2.4× 10−3 1.71 1.98 1.47 3.11 150.9 31.5
8 6828 1.3× 10−3 1.70 2.39 4.82 3.07 6827 1.9× 10−3 1.70 2.43 5.48 2.42 161.8 304.2
9 6886 1.3× 10−3 1.70 2.12 5.05 2.78 6879 2.3× 10−3 1.70 1.98 4.83 2.99 167.2 1073.8

10 6920 4.7× 10−4 0.93 1.12 2.41 −1.02 6920 3.2× 10−4 0.93 0.51 1.24 0.52 151.7 3647.3
11 6911 4.1× 10−3 1.70 5.64 1.98 2.70 6911 4.1× 10−3 1.70 5.64 1.98 2.70 354.1 1.2
12 6894 4.6× 10−4 1.70 2.30 0.69 0.77 6894 4.7× 10−4 1.70 2.30 0.50 0.96 369.7 4.0
13 6893 4.0× 10−3 1.70 2.33 1.27 −2.90 6893 3.8× 10−3 1.70 2.33 1.58 3.07 417.8 9.7
14 6850 9.7× 10−3 1.44 0.32 1.69 2.94 6863 9.7× 10−3 1.44 0.29 0.81 −2.45 210.2 267.3
15 6920 1.6× 10−3 0.93 3.91 1.74 3.08 6919 1.6× 10−3 0.93 4.26 1.57 3.03 391.5 2104.2
16 7858 4.5× 10−3 1.29 0.96 1.57 −2.62 7866 3.1× 10−3 1.44 3.45 0.75 −2.89 198.5 13 166.4
17 6732 1.6× 10−3 0.93 5.16 1.26 −0.92 6732 1.5× 10−3 0.93 5.16 1.25 −0.91 480.6 0.4
18 14 447 5.3× 10−4 0.00 0.16 6.01 0.10 14 447 5.2× 10−4 6.09 1.32 4.51 0.44 996.2 2.2
19 6828 2.3× 10−3 1.70 2.29 1.62 3.10 6829 2.3× 10−3 1.70 2.28 1.59 3.12 835.3 21.2
20 6897 2.5× 10−3 1.70 2.31 1.48 −3.05 6895 2.9× 10−3 1.70 2.33 1.61 3.11 849.9 120.5
21 6920 2.8× 10−4 0.93 1.30 1.76 −0.08 6920 4.0× 10−4 0.93 1.64 2.35 −0.89 950.8 2108.7
22 6919 3.8× 10−4 0.93 2.95 1.41 0.32 6919 5.0× 10−4 0.93 3.48 2.28 −0.87 917.5 3141.3

Table 3. Dataset of conjunctions used in the benchmark

same multivariate Taylor map, we hypothesize that the
semi-analytical nature of the moment method mitigates
the under-sampling issues that TMC encounters for low-
probability events.

6. CONCLUSION

In this paper, we presented a novel methodology for es-
timating the probability of collision between two space-
craft, which is crucial for ensuring the safety and opera-
tional efficiency of space missions. Our approach lever-
ages high-order Taylor polynomials to model the flow
of spacecraft dynamics, providing a flexible and efficient
means of propagating the uncertainty in initial conditions.
We mapped the statistical moments of the initial state to
the event of closest approach, allowing for accurate col-
lision probability estimation without the need for random
sampling, as in the Taylor Monte Carlo method.

We showed that this semi-analytical approach is general
and can handle a variety of uncertainty distributions, in-
cluding non-Gaussian and multivariate distributions, as
well as both short- and long-term encounters. Unlike
many existing methods, our approach does not rely on
simplifying assumptions, making it applicable to a wide
range of dynamic systems, including those with complex
orbits and low relative velocities.

We compared our method to established techniques such
as the Akella method and the Taylor Monte Carlo ap-
proach in a benchmark based on real-world conjunctions.

The results demonstrated that our method provides a ac-
curate estimate of collision probabilities, with compu-
tational efficiency that is independent of the probability
of collision, unlike Monte Carlo-based approaches. Ad-
ditionally, we highlighted the robustness of our method
across different uncertainty distributions and integration
times, making it well-suited for real-time space situa-
tional awareness and collision avoidance.

While our method did not outperform the conventional
Akella method, it is inherently based on fewer assump-
tions. Future work should focus on identifying the spe-
cific regimes where failure of the assumptions underlying
the Akella method provide a clear advantage to our ap-
proach. Additionally, the moment method can be refined
by exploring alternative methods to compute the proba-
bility of collision from the moments of the relative dis-
tance at closest approach. While we have derived a semi-
analytical solution using orthogonal polynomials, other
techniques may offer different trade-offs in terms of ac-
curacy, computational efficiency, and applicability to spe-
cific scenarios.

Additionally, the moment method is more widely appli-
cable than just spacecraft collision analysis. It provides
a versatile framework for modeling probability distribu-
tions that evolve according to any arbitrary dynamical
system, using arbitrary distributions and applying them to
any event manifold. This makes our approach a powerful
tool for a wide range of applications beyond space situ-
ational awareness. Notably, although this paper focuses
on univariate PDFs, the orthogonal polynomial method
we employed is well-suited to handle multivariate distri-
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butions, enabling its application to more complex, higher-
dimensional scenarios.
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A. PROPERTIES OF THE GENERALIZED BETA
WEIGHT FUNCTION

Let x be a beta-distributed random variable Beta(α, β).
Let us consider a random variable y with bounded sup-
port [u, v], defined as

y = x(v − u) + u. (53)

Its PDF is

f(y) =
1

B(α, β)

(y − u)α−1(v − y)β−1

(v − u)α+β−1
. (54)

Its mean is

E[y] = (v − u)E[x] + u = (v − u)
α

α+ β
+ u. (55)

Its second raw moment is

E[y2] = (v − u)2
α(α+ 1)

(α+ β)(α+ β + 1)

+ 2(v − u)
α

α+ β
u+ u2. (56)

Higher raw integer moments are

E [yn] =

n∑
k=0

(
n

k

)
(v − u)k

αk

(α+ β)k
un−k (57)

where xn is the rising factorial, defined for x ∈ R and
n ∈ N as

xn = x(x+ 1)(x+ 2) . . . (x+ n− 1). (58)

If we know the bounds u, v and the first two raw moments
m1 = E[y] and m2 = E[y2], we can find the unique
values of α, β that match these moments. For that, we
introduce the variables λ = α + β and τ = α/λ. We
have the equations

m1 = (v − u)τ + u (59)

m2 = (v − u)2τ
τλ+ 1

λ+ 1
+ 2(v − u)τu+ u2. (60)

The solution of this system of equations is

τ =
m1 − u

v − u
(61)

λ =
(v + u)m1 − uv −m2

m2 −m2
1

, (62)

from which we obtain

α = τλ (63)
β = (1− τ)λ. (64)

Following the notation in [21], the functions σ and τ for
this reference distribution can be

σ(x) = (x− u)(v − x) (65)
τ(x) = α(v − x)− β(x− u). (66)

The function τ(x) can in fact be easily derived from σ(x)
using the identity

f(x)τ(x) =
d

dx
(σ(x)f(x)). (67)

The constants Bn for n ∈ N are

B2
n =

(α+ β + 2n− 1)(α+ β)n−1

n!(v − u)2nαnβn
. (68)

B. THE INTEGRAL OF THE DISTANCE AT
CLOSEST APPROACH IS THE PROBABIL-
ITY OF COLLISION

Theorem 1. Let P (collision) be the probability that the
initial position of spacecraft A and B lead to a closest
approach with a relative distance less than the collision
radius R. Also, let fDCA

be the PDF of the relative
distance between the spacecraft on the closest approach
event manifold. Then, the probability of collision can be
computed as

P (collision) =
∫ R

0

fDCA
(r)dr. (69)

The keep the statement of the theorem concise, the formal
definition of P (collision) is given in the proof itself.

Proof. Let us note the state of the two spacecraft as

x⃗A(t) =

[
r⃗A(t)
v⃗A(t)

]
and x⃗B(t) =

[
r⃗B(t)
v⃗B(t)

]
. We consider

the initial value problem

dx⃗A(t)

dt
= f(x⃗A(t)) x⃗A(t0) = x⃗0,A (70)

dx⃗B(t)

dt
= f(x⃗B(t)) x⃗B(t0) = x⃗0,B . (71)

We note ϕA(t; x⃗0,A) and ϕB(t; x⃗0,B) the solutions to
Eqs. (70) and (71).

The set of all possible states of a single spacecraft is noted
X . Let g(x⃗0,A, x⃗0,B) be the function that gives the state
at closest approach between the two spacecraft given their
initial states:

g : X 2 → X 2 : (x⃗0,A, x⃗0,B) 7→ (x⃗A(tCA), x⃗A(tc))
(72)

with

tCA = argmin
t∈[0,∞)

∥r⃗A(t; x⃗0,A)− r⃗B(t; x⃗0,B , t0)∥ (73)

where r⃗A(t; x⃗0,A) and r⃗B(t; x⃗0,B , t0) correspond re-
spectively to the position components of ϕA(t; x⃗0,A) and
ϕB(t; x⃗0,B).



We say that two spacecraft collide if their position com-
ponents are less than R apart. Let C(R) ⊂ X 2 be the set
of colliding states:

C(R) = {(x⃗A, x⃗B) ∈ X 2 : ∥r⃗A − r⃗B∥ ≤ R}. (74)

The probability of collision is the probability mass of the
set of initial conditions that lead to a colliding state at
closest approach. For simplicity of notation, let w⃗ =
(x⃗A, x⃗B) be the state of a pair of satellites, and simi-
larly w⃗0 = (x⃗0,A, x⃗0,B). Suppose that the initial state
of spacecraft A at time t0 follows a probability density
function f0,A, and similarly the initial state of B follows
a probability density function f0,B . For simplicity, we
note f0(w⃗0) = f0,A(x⃗0,A)f0,B(x⃗0,B) (we assume that
the initial states of the two spacecraft are independently
distributed). Then the probability of collision is formally
defined as

P (collision) =
∫

f0(w⃗0)I[g(w⃗0) ∈ C(R)]dw⃗0. (75)

By the law of the unconscious statistician, we have∫
f0(w⃗0)I[g(w⃗0) ∈ C(R)]dw⃗0 = E[I[g(w⃗0) ∈ C(R)]]

(76)
= P (g(w⃗0) ∈ C(R)).

(77)

Let w⃗CA be the state propagated to the closest approach,
w⃗CA = g(w⃗0), and let fCA be its PDF. By definition of
the PDF,

P (g(w⃗0) ∈ C(R)) = P (w⃗CA ∈ C(R)) (78)

=

∫
C(R)

fCA(w⃗CA)dw⃗CA. (79)

Since C(R) is a subset of X 2, we can write the previous
expression as∫

C(R)

fCA(w⃗CA)dw⃗CA (80)

=

∫
X 2

fCA(w⃗CA)I[w⃗CA ∈ C(R)]dw⃗CA. (81)

Using Fubini’s theorem,

=

∫
X

∫
X
fCA(x⃗c,A, x⃗c,B)I [∥r⃗c,A − r⃗c,B∥ ≤ R]

dx⃗c,Bdx⃗c,A. (82)

The integral over x⃗c,B can be written as an integral over
a ball of radius R and centered on x⃗c,A, which we note
B(r⃗c,A, R):

=

∫
X

∫
B(r⃗c,A,R)

fCA(x⃗c,A, x⃗c,B)dx⃗c,Bdx⃗c,A. (83)

An integral over a ball can be decomposed as a double
integral over the radius r and over spheres of radius r,

noted S(r⃗c,A, r):

=

∫ R

0

∫
X

∫
S(r⃗c,A,r)

fCA(x⃗c,A, x⃗c,B)dx⃗c,Bdx⃗c,Adr⃗.

(84)

Note that the two inner integrals are precisely the PDF of
the distance between the spacecraft:

fDCA
(r) =

∫
X

∫
S(r⃗c,A,r)

fc(x⃗c,A, x⃗c,B)dx⃗c,Bdx⃗c,A.

(85)

So, we obtained

P (collision) =
∫ R

0

fDCA(r)dr. (86)

C. CLOSED-FORM EXPRESSIONS FOR THE
INTEGRAL OF ESTIMATED PDFS

Let us note the PDF of the square of the relative dis-
tance as f(x) = fD2

CA
(x). The probability of colli-

sion can be computed by integrating this PDF over the
interval [0, R2]. In this section, we derive closed-form
expressions for this integral or representations involving
well-known special functions. To extend the applicability
of our results, we generalize the integral to an arbitrary
domain [a, b], while restricting our analysis to the one-
dimensional case. Given the expansion of f(x) in terms
of orthogonal polynomials, the integral takes the form∫ b

a

f(x)dx =

∫ b

a

w(x)

∞∑
i=0

CiPi(x)dx. (87)

Since w(x) is positive and L2, by Fubini we have∫ b

a

w(x)

∞∑
i=0

CiPi(x)dx (88)

=

∞∑
i=0

Ci

∫ b

a

w(x)Pi(x)dx (89)

=

∞∑
i=0

Ci

i∑
k=0

ai,k

∫ b

a

w(x)xkdx. (90)

C.1. Uniform reference distribution

For the uniform distribution, the weight function is

wU(α,β)(x) =
1

β − α
. (91)

The integral is in fact trivial:∫ b

a

wU(α,β)(x)Pi(x)dx =
1

β − α

∫ b

a

Pi(x)dx. (92)



C.2. Beta reference distribution

For the beta distribution, the weight function is

wBeta(α,β)(x) =
xα−1(1− x)β−1

B(α, β)
. (93)

The integral takes the form∫ b

a

wBeta(α,β)(x)Pi(x)dx (94)

=

∫ b

a

xα−1(1− x)β−1

B(α, β)
Pi(x)dx (95)

=

i∑
k=0

ai,k
B(α, β)

∫ b

a

xα+k−1(1− x)β−1dx. (96)

The term in the integral above corresponds to the PDF of
a beta distribution with parameters α+k, β whose corre-
sponding cumulative distribution function is the normal-
ized incomplete beta function defined as

Ix(α, β) =
1

B(α, β)

∫ x

0

tα−1(1− t)β−1dt, (97)

leading to∫ b

a

wBeta(α,β)(x)Pn(x)dx (98)

=

i∑
k=0

ai,k
B(α+ k, β)

B(α, β)
(Ib(α+ k, β)− Ia(α+ k, β)) .

(99)

C.3. Normal reference distribution

The situation for the normal distribution is more compli-
cated. We leverage the following result.

Result 1. Let f be the probability density function of a
normal random variable N (µ, σ2). For any real b > 0
and integer n ≥ 0, we have∫ b

0

xnf(x)dx =

n∑
k=0

(
n

k

)
µn−kσk

√
2k−2

π(
αn
kγ

(
k + 1

2
,
(b− µ)2

2σ2

)
− βn

k γ

(
k + 1

2
,
µ2

2σ2

))
(100)

where

αn
k =

{
(−1)k+1 if b < µ,

1 otherwise,

βn
k =

{
(−1)k+1 if µ > 0,

1 otherwise,

and γ is the lower incomplete gamma function γ defined
for s ∈ C and b ∈ R as

γ(s, b) =

∫ b

0

xs−1e−xdx.

With this result in hand, the integral of the PDF with
a normal reference distribution can be evaluated by ex-
panding the polynomials Pi(x), as in Eq. (90). The in-
tegral on an arbitrary interval [a, b] can be computed by
subtracting the integral on [0, a] from that on [0, b].

Proof. Let

gµ,σ2(x) = e−
(x−µ)2

2σ2 .

We want to compute
∫ x

0
tnfµ,σ2(x)dx. We will first

prove the theorem when µ = 0. Let us make the sub-
stitution x = u2/2σ2 in the definition of γ:

u =
√
2tσ2 (101)

du = σ
√
2
1

2
t−

1
2 dx =

σ√
2
x− 1

2 dx (102)
√
2

σ
du = x− 1

2 dx. (103)

Substituting into the definition of γ with s = n gives

γ(n, b) =

∫ b

0

xn− 1
2x− 1

2 e−xdx

=

√
2

σ

∫ √
2bσ2

0

(
u2

2σ2

)n− 1
2

e−
u2

2σ2 du

γ

(
n,

b2

2σ2

)
=

√
2

σ

1

(2σ2)n−
1
2

∫ b

0

u2n−1e−
u2

2σ2 du

γ

(
n+ 1

2
,
b2

2σ2

)
=

√
2

σ

1

(2σ2)
n
2

∫ b

0

une−
u2

2σ2 du

γ

(
n+ 1

2
,
b2

2σ2

)
=

2
1−n
2

σn+1

∫ b

0

une−
u2

2σ2 du.

The above equation leads to∫ b

0

ung0,σ2(u)du = γ

(
n+ 1

2
,
b2

2σ2

)
σn+12

n−1
2 .

(104)
When µ ̸= 0, we will distinguish three cases, depending
on the relative order of µ, b and 0. We know that b > 0,
so either µ < 0 < b, or 0 < µ < b, or 0 < b < µ (we
will deal with equalities later). For the case µ < 0 < b,
we can express the integral as

∫ b

0

ungµ,σ2(u)du

=

∫ b

µ

ungµ,σ2(u)du−
∫ 0

µ

ungµ,σ2(u)du

=

∫ b−µ

0

(x+ µ)ngµ,σ2(x+ µ)dx

−
∫ −µ

0

(x+ µ)ngµ,σ2(x+ µ)dx



By translation invariance, we have gµ,σ2(x + µ) =
g0,σ2(x):

=

∫ b−µ

0

(x+ µ)ng0,σ2(x)dx

−
∫ −µ

0

(x+ µ)ng0,σ2(x)dx.

Using the binomial theorem and Eq. (104), we obtain

n∑
k=0

(
n

k

)
µn−k

(∫ b−µ

0

xkg0,σ2(x)dx

−
∫ −µ

0

xkg0,σ2(x)dx

)

=

n∑
k=0

(
n

k

)
µn−kσk+12

k−1
2

(
γ

(
k + 1

2
,
(b− µ)2

2σ2

)

− γ

(
k + 1

2
,
µ2

2σ2

))
.

That proves the case µ < 0 < b. Now, let us look at the
case 0 < µ < b. Splitting the domain of integration at µ
gives

∫ b

0

ungµ,σ2(u)du

=

∫ µ

0

ungµ,σ2(u)du+

∫ b

µ

ungµ,σ2(u)du.

Let us make the substitution x = µ − u in the first term
and x = µ+ u in the second term:

∫ b

0

ungµ,σ2(u)du

= −
∫ 0

µ

(µ− x)ngµ,σ2(µ− x)dx

+

∫ b−µ

0

(x+ µ)ngµ,σ2(x+ µ)dx

=

∫ µ

0

(µ− x)ngµ,σ2(µ− x)dx

+

∫ b−µ

0

(x+ µ)ngµ,σ2(x+ µ)du

=

∫ µ

0

(µ−x)ng0,σ2(x)dx+

∫ b−µ

0

(x+µ)ng0,σ2(x)dx.

Expanding the terms (x± µ)n gives

∫ b

0

ungµ,σ2(u)du

=

n∑
k=0

(
n

k

)
µn−k

(
(−1)k

∫ µ

0

xkg0,σ2(x)dx

+

∫ b−µ

0

xkg0,σ2(x)dx

)

=

n∑
k=0

(
n

k

)
µn−kσk+12

k−1
2

(
γ

(
k + 1

2
,
(b− µ)2

2σ2

)

+ (−1)kγ

(
k + 1

2
,
µ2

2σ2

))
.

Finally, when 0 < b < µ, we have∫ b

0

ungµ,σ2(u)du =

∫ µ

0

ungµ,σ2(u)du

−
∫ µ

x

ungµ,σ2(u)du.

Let us substitute x = µ− u in both terms:

= −
∫ 0

µ

(µ− x)ngµ,σ2(µ− x)dx

+

∫ 0

µ−b

(µ− x)ngµ,σ2(µ− x)dx

=

∫ µ

0

(µ− x)ngµ,σ2(µ− x)dx

−
∫ µ−b

0

(µ− x)ngµ,σ2(µ− x)dx

=

∫ µ

0

(µ− x)ng0,σ2(x)dx

−
∫ µ−b

0

(µ− x)ng0,σ2(x)dx

=

n∑
k=0

(
n

k

)
µn−k(−1)k

(∫ µ

0

xkg0,σ2(x)dx

−
∫ b−µ

0

xkg0,σ2(x)dx

)

=

n∑
k=0

(
n

k

)
µn−kσk+12

k−1
2 (−1)k(

− γ

(
k + 1

2
,
(b− µ)2

2σ2

)
+ γ

(
k + 1

2
,
µ2

2σ2

))
.

By staring at which of the two incomplete gamma terms
get a −1 in these three cases, one can verify that the def-
inition of αn

k and βn
k in the statement of the theorem cor-

respond to the desired result.
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