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ABSTRACT

The effective separation of radar signals from multi-
ple transmitter stations is vital for accurate detection
and tracking of objects in Space Situational Awareness
(SSA). In this paper, we address the problem of jointly
designing transmitting waveforms and receiving filters to
produce a set of Auto-Ambiguity Functions (AAF) and
Cross-Ambiguity Functions (CAF) with orthogonal prop-
erties. While doing so, we also consider the challenges
of coherently integrating multiple pulses affected by the
high radial velocities and accelerations of space objects.
The proposed approach employs the Ambiguity Function
Synthesis methodology, which provides flexibility in both
choosing a desired shape for the AAF and CAF and op-
timizing for orthogonality in a specific region. We con-
duct numerical experiments to demonstrate the effective-
ness of the synthesized waveforms and compare their per-
formance against classical sequences and state-of-the-art
methods in terms of Peak Sidelobe Level (PSL) and Av-
eraged Sidelobe Level (ASL).

Keywords: Ambiguity Function Synthesis; Orthogonal
Waveform Design; CDMA; Space Surveillance.

1. INTRODUCTION

A network of radar sensors serves as an effective system
for space debris monitoring, providing increased cover-
age, detection sensitivity, and tracking accuracy in Space
Situational Awareness (SSA). In a radar network operat-
ing in MIMO mode, a receiver must be able to distinguish
between signals originating from different transmitters,
as the delay of each signal, together with the position of
the respective transmitter, is crucial for determining the
position of the target. Take, for example, the configu-
ration shown in Figure 1. The receiver will sense two
echoes arriving from Tx1 and Tx2 and will be able to
measure the distance they traveled from their respective
echo delay. With a correct distinction regarding which
echo comes from which transmitter, the ellipses in con-
tinuous lines are determined, and their intersection rep-
resents the correct target position. On the other hand, if
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Figure 1. Target position estimation dependency on
transmitter position.

the association is mixed, the dashed ellipses are found in-
stead, leading to a wrong estimation of the target position.

The problem of distinguishing transmitters can be solved
by adapting methods developed for telecommunications
that are used for multiple access. These methods are
based on spatial division, time division, frequency divi-
sion, code division, or a combination of some of these
techniques [1]. In addition to these methods, a division in
the Doppler domain can also be found in the literature [2].
The limitations of some of these methods, however, make
their application for radar networks less attractive. First,
spatial separation is not possible, as the signals between
the target and the receiver must use the same spatial chan-
nel. Second, time division is not resource-efficient, as
all transmitters, except one, would be idle during each
transmission. Third, it is also not feasible to divide the
signals into frequency bands, as this could significantly
increase the required bandwidth with an increasing num-
ber of transmitters. Fourth, a division in the Doppler do-
main imposes conflicting requirements on the maximum
unambiguous range/Doppler and PRF.

Therefore, we focused on asynchronous Code-Division
Multiple Access (CDMA) methods applied to radar
waveforms. Each transmitter is assigned a different code,
and their waveforms are modulated with the correspond-
ing code before transmission. The receiver can use the
coded waveform of a specific transmitter to recover its
respective signal. The signals from other transmitters are
considered interference to be suppressed. The challenge
is to find a set of codes that are orthogonal to each other so
that the waveform of one transmitter is suppressed when
processed with the filter matched to any other transmitter.
The main disadvantage of CDMA methods lies in the po-
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Figure 2. Schematic concept of DSSS techniques.

Figure 3. Schematic concept of FHSS techniques.

tentially high range/Doppler sidelobes [2], which highly
depend on the chosen codes. Therefore, when searching
for a suitable set of orthogonal codes, one should consider
not only the cross-correlation properties (orthogonality)
but also the auto-correlation properties (sidelobes).

CDMA is based on the Spread Spectrum (SS) technique,
where the transmitted waevform is intentionally spread
in frequency and occupies a higher bandwidth than the
required minimum. This is achieved through an spread-
ing signal. SS techniques are classified into two main
groups: Direct Sequence Spread Spectrum (DSSS) and
Frequency Hopping Spread Spectrum (FHSS). Figures 2
and 3 show a simplified schematic representation of the
concepts of FHSS and DSSS. In DSSS, the waveform is
directly multiplied by the spreading code signal. At the
receiver, the spreaded signal is correlated by a synchro-
nized copy of the coded waveform, which reverses the
spreading (despreading). In FHSS, different frequency
shifts are consecutively applied to pieces of the original
waveform. The frequency shift (hop) pattern is different
for each transmitter, even though all transmitters share the
same total bandwidth when the whole pulse duration is
considered. With good choices of code, conflicts between
the transmitters can be minimized even in the presence of
time delays and frequency shifts. A hybrid approach is
also possible and is exploited in this work.

The CDMA scheme can be applied to radar systems in
Slow-Time or Fast-Time. In Fast-Time CDMA, each
pulse is individually spread, and orthogonality is to be
achieved pulse by pulse, while in Slow-Time CDMA one
code chip is used per pulse and orthogonlity is achieved
only after integrating the pulses. In Fast-Time CDMA,
the bandwidth is influenced by the chip duration, and
the sidelobes can increase depending on the chosen code.
On the other hand, the signal processing is basically the
same, so there is no additional computational burden. In
Slow-Time CDMA, the sidelobes and bandwidth remain
unaffected, as only a constant phase/frequency shift is ap-
plied per pulse. However, the Doppler sidelobes can be
high depending on the code. Additionally, orthogonal-
ity can be affected by the target Doppler frequency, as it

is determined only after the coherent sum of the pulses.
This requires a joint range-Doppler processing, which
can increase the system’s computational load [2]. It is
also possible to apply both Slow- and Fast-Time CDMA,
that is, every pulse in a train of pulses is multiplied by
different code sequences. At reception, they are individ-
ually processed in fast-time, and the result is integrated
in slow time. One reason for doing so is that this allows
for exploring the so-called Complementary Codes.

A set of Complementary Codes presents the property
that the sum of their individual auto-correlation functions
presents the ideal impulse shape, as their sidelobes cancel
each other out. An example of such code set is the Go-
lay sequence pair [3]. Although the Golay pair presents
an ideal auto-correlation function, the property of zero
cross-correlation with another sequence is not fulfilled.
Therefore, it does not constitute an orthogonal set. The
Complete Complementary Codes (CCC), on the other
hand, are a class of codes that possesses ideal auto- and
cross-correlation functions [4]. An example of such code
sets is explored in [5], where the authors investigate mul-
tiple CCC with Zero Cross-Correlation Zone (ZCCZ).
However, the sidelobe cancellation occurs only for zero
Doppler speed offset. For some non-zero Doppler speed
values, the sidelobes can be quite high, inducing ambigu-
ities. This reinforces that, one must evaluate the shapes
of both the auto-correlation functions of all waveforms
and the cross-correlation functions for every pair of wave-
forms, considering not only zero but also reasonable non-
zero Doppler speeds. On a positive note, we see that the
usage of different codes for the multiple pulses can pro-
vide cancellation of sidelobes and improve orthogonality
properties after pulse integration.

The use of different codes for each pulse is also moti-
vated by the possibility of avoiding the constant volume
property of the Ambiguity Functions [6, 7, 8]. The pulses
are processed independently by different filters, and the
outputs are coherently integrated. Since the sum of Am-
biguity Functions is not an Ambiguity Function, except
when the waveforms are the same [6], the sum of the filter
outputs will no longer obey to the constant volume prop-
erty. In fact, consider that P pulses xp(t) ∈ L2(R) are
transmitted, each with normalized energy ∥xp∥L2(R) = 1,
the volume under the sum of their ambiguity functions
Ap ∈ L2(R2) is given by∥∥∥∥∥

P−1∑
p=0

Ap

∥∥∥∥∥
L2(R2)

=

P−1∑
p=0

∥Ap∥L2(R2) = P∥xp∥2L2(R) = P

(1)
The first equality comes from the orthogonality (in slow-
time) of the pulses, while the second comes from Moyal’s
identity ∥Auv∥L2(R2) = ∥xu∥L2(R)∥xv∥L2(R). If one
would transmit a single pulse x ∈ L2(R) with equivalent
total energy ∥x∥L2(R) = P , the volume under its Ambi-
guity Function would be ∥A∥L2(R2) = ∥x∥2L2(R) = P 2.
That is, we observe a reduction in a factor of P in the vol-
ume property, indicating a potential sidelobe level reduc-
tion since the peak at the main lobe is equal to P in both
cases. Ultimately, there is only one signal being trans-



mitted, spread over a long time period, and the constant
volume property of the Ambiguity Function is still valid
for the train of pulses as a waveform. The use of comple-
mentary waveforms is merely a device to manipulate the
Ambiguity Function by pushing the lobes into less harm-
ful parts of the range-Doppler plane [6, 9].

Codes for CDMA can be obtained in different ways. The
deterministically defined codes are generated by straight-
forward, well-defined procedures. These codes, such
as Walsh-Hadamard, M-Sequence, Gold, Kasami, and
Costas, are predictable and easier to implement. Walsh-
Hadamard codes are mutually orthogonal binary codes
popular for synchronous CDMA applications. Refer-
ence [10] utilized them in radar signal modulation to
enhance resilience against electronic countermeasures,
though their orthogonality properties were not exploited.
Reference [11] evaluated their auto- and cross-correlation
properties, noting that some codes in a Hadamard ma-
trix had ideal cross-correlation, while others showed
high sidelobes. The primary issue was that their auto-
correlation functions had many high sidelobes, mak-
ing them unsuitable for asynchronous cases. Maxi-
mum Length Sequences (MLS), or M-Sequences, are bi-
nary pseudorandom sequences constructed from primi-
tive polynomials defining an n-stage feedback shift reg-
ister [12]. M-Sequences exhibit quasi-orthogonal auto-
correlation functions with a value of 1 at zero delay
and −1/N for other time shifts. Their cross-correlation
functions do not follow a pattern [13], but some proper-
ties can be derived [14]. Reference [12] compares M-
Sequences with LFM waveforms for delay and Doppler
shift estimation. Gold and Kasami sequences are de-
rived from M-Sequences [13]. Gold codes, formed from
the modulo-2 sum of two different M-Sequences, have
bounded cross-correlation values, while Kasami codes
are constructed from even M-Sequences and are optimal
concerning the Welch bound. The Costas code is utilized
for FHSS waveforms, forming a frequency hop pattern
with at most one chip out-of-phase coincidence for de-
layed and frequency-shifted versions. The properties of
two Costas arrays’ cross-correlation depend on the con-
struction method. An issue with the Costas code is to find
a large set of codes with good cross-correlation proper-
ties, limiting the number of transmitters [15]. Addition-
ally, the literature includes polyphase codes for DSSS,
such as Frank, FZC, and Oppermann codes, evaluated in
[16]. For FHSS, a chaos-based pseudo noise sequence
was also found, with average auto- and cross-correlation
properties calculated [17].

The codes can also be obtained through optimization
algorithms that enhance specific performance criteria.
Heuristic and metaheuristic methods yield acceptable re-
sults quickly through trial and error, though they do not
guarantee optimality [18]. Over 500 new metaheuristic
algorithms have been developed as of 2023 [18]. This va-
riety of algorithms is also evident in methods specifically
aimed at generating sets of orthogonal codes. A common
characteristic is using auto and cross-correlation func-
tions to define fitness functions, combining Peak Sidelobe
Level (PSL) and Integrated Sidelobe Level (ISL). Most

studies focus on single-pulse designs using Polyphase
DSSS with optimization algorithms like Simulated An-
nealing [19, 20], Cross Entropy [21], and Genetic Algo-
rithms [22, 23]. Some works apply single-pulse FHSS
[24, 25] or combine DSSS and FHSS [26, 27]. The study
[28] explores multiple pulses for DSSS using the Adam
optimizer with a convolutional neural network. Sev-
eral studies incorporate additional modulation techniques
such as the Linear Frequency Modulation (LFM) [29, 26,
27]. While [19, 28] consider Doppler effects, most papers
optimize solely for 0-Doppler conditions, limiting their
applicability in dynamic environments. However, stud-
ies [21, 20, 29, 27] evaluate Doppler tolerance after opti-
mization. In summary, despite the exploration of various
optimization algorithms for orthogonal waveform design,
significant gaps remain in addressing Doppler shift impli-
cations, crucial for effective space applications.

Deterministic iterative methods, in contrast to heuris-
tic and metaheuristic approaches, produce codes through
defined, repeatable processes that systematically refine
them. These methods, however, have limited exploration
capabilities, often converging to local minima and strug-
gling with high-dimensional code optimization prob-
lems. Metaheuristic methods can provide initial guesses
for these deterministic methods, potentially enhancing
their convergence and performance. The literature on
deterministic iterative methods for orthogonal wave-
form design includes both single-pulse and complemen-
tary multiple-pulse configurations, primarily focusing on
Polyphase DSSS techniques. Studies optimizing single-
pulse codes employ methods such as Cyclic Algorithms
(CAN, WeCAN, CAD) [30], quasi-Newton method L-
BFGS [31], Sequential Cone Programming [32], Iterative
Sequential Quartic Optimization [33], manifold-based
algorithms [34], and majorization-minimization (MM)
techniques combined with coordinate descent [35] or
the alternating direction method of multipliers (ADMM)
[36]. Most focus on 0-Doppler conditions and use ob-
jective functions based on auto-correlation and cross-
correlation metrics. Notable exceptions [32, 35, 36] con-
sider Doppler effects during optimization and analyze
their impact on performance. While single-pulse algo-
rithms can be adapted to multi-pulse configurations, one
must account the effect of Doppler on phase after the
Pulse Repetition Interval, and range migration and accel-
eration cannot be neglected. Regarding complementary
multiple pulses, the study [37] addresses multi-sequence
optimization using a Majorization-Minimization algo-
rithm but only considers a set of complementary se-
quences (ideal auto-correlation after summation) or or-
thogonal codes (single pulse). The optimization of sets
of complementary codes with orthogonal properties is not
addressed, and they optimize solely for 0-Doppler condi-
tions.

This paper proposes a deterministic iterative method
based on the Cross-Ambiguity Function (CAF) synthe-
sis technique from [38], considering multiple pulses with
complementary codes and the effects of high velocities
and acceleration present in Space Situational Awareness
(SSA). The problem of synthesizing the CAF involves



calculating the transmitting waveform and receiving fil-
ter that yield a CAF approximating a desired function
across all time and Doppler offsets within a specified re-
gion [38, 39, 7]. In these studies, both the waveform
and receiver filter are modeled as a sequence of adja-
cent pulses weighted by a complex code. The CAF is
computed as a function of the transmitting and receiving
codes, and an objective function is defined to assess how
closely the obtained CAF approximates the target CAF.
The core challenge lies in determining the code that opti-
mizes this objective function. The optimization problem
is solved interactively, fixing some parameters while ob-
taining others by setting the gradient to zero. The work
in [8] also addresses Ambiguity Function synthesis and
proposes a computationally faster algorithm, but it con-
siders only the thumbtack Ambiguity Function. None
of these works account for the orthogonality of multiple
waveforms. In this study, we utilize a Generalized Am-
biguity Function (GAF) that considers target parameters
instead of constant delay and frequency shift. The de-
veloped method allows for different codes for multiple
pulses, aiming to exploit sidelobe cancellation by sum-
ming ambiguity functions, as is the case for Complete
Complementary Codes (CCC), and to avoid the constant
volume property of the Ambiguity Function, which im-
plies that reducing sidelobes in one region necessitates
increasing them in another [6, 7]. Moreover, the synthesis
approach offers simplicity and flexibility, allowing us to
approximate the Ambiguity Function to a desired shape
depending on the application. For instance, in a tracking
task where an estimate of the target parameters is avail-
able, one can optimize for a smaller region around the
expected target, neglecting other regions to achieve po-
tentially better orthogonality in the area of interest.

This paper is organized as follows: Section 2 presents
the signal model; Section 3 develops an expression for
the Ambiguity Function of the spread spectrum wave-
forms; Section 4 analyzes the SNR loss due to the use
of an unmatched filter; Section 5 formulates the wave-
form optimization problem; Section 6 develops the solu-
tion; Section 7 provides numerical results; and Section 8
concludes the paper.

2. SIGNAL MODEL

Let x̃tx
u (t) = Re

{
xtx
u (t)e

j2πfct
}

be the signal from the u-
th transmitter, where xtx

u (t) is the baseband signal and fc
is the carrier frequency. The received signal is approxi-
mately proportional to the delayed transmitted waveform,
x̃tx
u (t− τ(t;θ)), where τ(t;θ) is a time-dependent delay

parameterized by the target parameters θ. After demodu-
lation in the receivers, the echo originated from the u-th
transmitter is:

xu(t;θ) = xtx
u (t− τ(t;θ))e−j2πfcτ(t;θ) (2)

The considered baseband waveform xtx
u (t) is a train of

P pulses, with a Pulse Repetition Interval (PRI) of Tr.

Each pulse, with duration T , is a Spred Spectrum radar
waveform, either FHSS or DSSS, described as a sequence
of N adjacent rectangular chips of duration Tc = T/N ,
multiplied by a code-dependent function. Explicitly, we
write:

xtx
u (t) =

P−1∑
p=0

xup (t− pTr) (3)

xup(t) =

N−1∑
n=0

aupne
j2παupntΠ

(
t− nTc

Tc

)
(4)

where Π(t) is the rectangular pulse of unit width starting
at t = 0. The sequence of unimodular complex numbers
{aupn}u,p,n∈N is determined by the phase code (DSSS)
and the sequence of real numbers {αupn}u,p,n∈N is de-
termined by the frequency hop code (FHSS).

The filters yv(t;θ) employed by the receiver have the
same form of xu(t;θ) in Equations 2-4, and, in general,
are designed to individually filter the signal from the v-th
transmitter. The only difference is that we can possibly
employ other DSSS and FHSS codes. That is, instead of
Equation 4, we write

yvp(t) =

N−1∑
m=0

bvpmej2πβvpmtΠ

(
t−mTc

Tc

)
(5)

and x is correspondly replaced by y in Equations 2 and 3.

3. AMBIGUITY FUNCTION OF A SPREAD
SPECTRUM RADAR WAVEFORM

The conventional tool for analyzing a waveform, consid-
ering time and Doppler mismatches with the filter, is the
Auto Ambiguity Function (AAF). It is useful for inves-
tigating resolution, sidelobe behavior, and ambiguities,
both in range and Doppler [40]. To assess the quality
of orthogonality, we consider the Cross Ambiguity Func-
tion (CAF), which is nothing more than the Ambiguity
Function when one waveform is processed with the filter
associated to another waveform. A possible mathemati-
cal definition of the CAF is

Cuv(τ, f) =

∞∫
−∞

xu(t)y
∗
v(t− τ) exp (−j2πft)dt (6)

where τ is the time offset relative to the expected delay,
and f is the Doppler mismatch between the true Doppler
frequency and the frequency expected by the matched fil-
ter.

However, when multiple pulses are coherently integrated,
not only the delay and Doppler shift may not be constant
over all pulses, but also the effect of acceleration may not
be negligible. Equation 6 cannot be directly used, as τ
and f are not independent of t. Instead, we use the Gen-
eralized Auto- and Cross-Ambiguity Functions [41] de-
fined as the time correlation between the received signal



affected by the true target parameters and a filter tuned to
the estimated parameters, as follows:

Cuv(θ
⋆,θ) =

∞∫
−∞

xu(t;θ
⋆)y∗v(t;θ)dt (7)

where xu is the echo received from the u-th transmitter,
yv is the filter matched to the v-th transmitter, and θ is a
vector containing target kinematic parameters. The argu-
ments (θ⋆,θ) will occasionally be suppressed throughout
the paper for the sake of notation simplification.

We take range (ρ0), radial speed (ρ̇0), and range acceler-
ation (ρ̈0) at a reference time t0 as target parameters, that
is, θ = [ρ0 ρ̇0 ρ̈0]

T . The superscripted star is added to
indicate the true values. Notice that, under the assump-
tions of constant delay and Doppler shift in xu and yv ,
the Generalized Ambiguity Function depends only on the
difference in delay and Doppler caused by θ⋆ and θ, and
Equation 7 reduces to Equation 6, except for a phase fac-
tor.

To consider the used Spread Spectrum waveform, we
substitute Equation 2 and the corresponding filter ytx

v (t)
into Equation 7. We assume that the difference between
τ(t;θ) and τ(t;θ⋆) is such that different pulses do not in-
tersect for any t. We change the integration variable t by
tf = t − pTr and evaluate the correlation for each pulse
individually in fast time. We neglect fast time changes
in τ for the envelopes xup and yvp. Finally, we ap-
ply the constant acceleration model τ(t;θ) = 1

cρ(t) =
1

c

[
ρ0 + ρ̇0(t− t0) +

1
2 ρ̈0(t− t0)

2
]
, which also implies

that τ depends linearly on θ = [ρ0 ρ̇0 ρ̈0]
T . The CAF

becomes:

Cuv(θ
⋆,θ) =

P−1∑
p=0

ej2πfcτp(∆θ)Cp
uv(θ

⋆,θ) (8)

where ∆θ = θ − θ⋆,

Cp
uv(θ

⋆,θ) =

∞∫
−∞

xup (t− τp(θ
⋆)) y∗vp (t− τp(θ)) (9)

ej2πνp(∆θ)tejπγp(∆θ)t2dt

τp(θ) = τ(pTr;θ) is the echo delay, νp(θ) =
fcτ̇(pTr;θ) is the Doppler frequency, and γp(θ) =
fcτ̈(pTr;θ) is the rate of change of the Doppler fre-
quency.

Notice that Cp
uv is the CAF of the individual pulses. Con-

sidering the pulses form presented in Equations 4 and 5.
The CAF between the pulses becomes

Cp
uv(θ

⋆,θ) =

N−1∑
n,m=0

aupnb
∗
vpmCpnm

uv (θ⋆,θ) (10)

e−j2π[αupnτp(θ
⋆)−βvpmτp(θ)]

where Cpnm
uv is the CAF between chips and is calculated

as

Cpnm
uv (θ⋆,θ) =

∞∫
−∞

Π

(
t− τp(θ

⋆)− nTc

Tc

)
(11)

Π

(
t− τp(θ)−mTc

Tc

)
ej2π[(αupn−βvpm)+νp(∆θ)]t

ejπγp(∆θ)t2dt

To solve this integral, we exploit the fact that it will as-
sume nonzero values if, and only if, the argument of both
Π functions is inside the interval (0, 1). A consequence
is that n−m can only be zp(∆θ) or zp(∆θ) + 1, where

zp(θ) =
⌊
τp(θ)
Tc

⌋
∈ Z. Replacing the integral result into

the CAF of a pulse (Equation 10) and the result back into
Equation 8, we finally obtain the CAF of a Spread Spec-
trum Radar Waveform:

Cuv =

P−1∑
p=0

N−1∑
m=0

m+zp(∆θ)+1∑
n=m+zp(∆θ)

aupnb
∗
vpmejΨ

pnm
uv Xpnm

uv

(12)

where

Ψpnm
uv = 2π

[
fcτp(∆θ)− αupnτp(θ

⋆) + βvpmτp(θ)

+ Ftm −
γp(∆θ)t2m

2

]

Xpnm
uv = Tc Λ

(
T
Tc

)
sinc

(
FTc Λ

(
T
Tc

))
T = τp(∆θ)− (n−m)Tc

F = αupn − βvpm + νp(∆θ) + γp(∆θ)tm

tm =
τp(θ + θ⋆) + (n+m+ 1)Tc

2
Λ(x) := max(1− |x| , 0)

sinc(x) :=
sin(πx)

πx

Equation 12 can be written in a matrix form as

Cuv =

P−1∑
p=0

bH
vpA

p
uv(θ

⋆,θ)aup = bH
v Auv(θ

⋆,θ)au

(13)
where

aup = [aup0 aup1 · · · aup,N−1]
T

bvp = [bvp0 bvp1 · · · bvp,N−1]
T

[Ap
uv]mn =

 ejΨ
pnm
uv Xpnm

uv , n−m = zp(∆θ)
n−m = zp(∆θ) + 1

0 , otherwise

au =
[
aTu0 aTu1 · · · aTu,P−1

]T



bv =
[
bT
v0 bT

v1 · · · bT
v,P−1

]T
Auv = diag

(
A0

uv, A
1
uv, · · · , AP−1

uv

)
4. SNR LOSS DUE TO UNMATCHED FILTER

In the development of an expression for the Ambigu-
ity Function of a Spread Spectrum Radar Waveform, we
used a filter with the same form as the transmitted wave-
form but with possibly different phase and frequency
codes (Equations 4 and Equation 5). This choice brings
the flexibility of selecting a set of filters that improve the
waveforms’ orthogonality by allowing a mismatched fil-
ter. This comes at a cost of a loss in the SNR since the
matched filter is optimal in this sense.

Let the noise w(t) be modeled by a complex-valued addi-
tive white Gaussian noise (AWGN) with zero mean and
autocorrelation given by E [w(t)w∗(t′)] = σ2δ(t − t′).
From Equation 7, the noise at the output of the v-th re-
ceiver filter is given by

Wv(θ) =

∞∫
−∞

w(t)y∗v(t;θ)dt (14)

Replacing the filter model and making the same assump-
tions made for Cuv , we obtain:

Wv(θ) ≈
P−1∑
p=0

N−1∑
m=0

b∗vpmejΨ
pm
v W pm

v (15)

where

Ψpm
v = 2π

[
(fc + βvpm) τp(θ) + Ftm −

γp(θ)t
2
m

2

]

W pm
v =

Tc
2∫

−Tc
2

w(t+ tm + pTr)e
j2πFtdt

F = νp(θ)− βvpm + γp(θ)tm

tm = τp(θ) +mTc +
Tc

2

Notice that E [W pm
v ] = 0 and E

[
(W pm

v ) (W qn
v )

∗]
=

σ2Tcδpqδmn. Therefore, E [Wv] = 0 and E [WvW
∗
v ] =

σ2TcbH
v bv .

We conclude that the noise power after the receiver filter
is PN = E [WvW

∗
v ] = σ2TcbH

v bv . The signal power at
the correct target parameter vector is given by the ampli-
tude squared of Cvv , that is, PS = |Cvv(θ

⋆,θ⋆)|2 =

T 2
c

∣∣bH
v av

∣∣2. Therefore, the Signal-to-Noise Ratio is
given by

SNR =
PS

PN
=

Tc

σ2

∣∣bH
v av

∣∣2
bH
v bv

(16)

The maximum SNR is achieved by the matched filter
bv = av , so that the SNR loss can be defined as the fol-
lowing ratio

Lv =
SNRmax

SNR
=

(
aHv av

) (
bH
v bv

)∣∣bH
v av

∣∣2 ≥ 1 (17)

5. PROBLEM FORMULATION

Consider M transmitters. We wish to find a set of M or-
thogonal waveforms xu(t) and M receiver filters yu(t)
that can recover the respective waveform while suppress-
ing the others, for u ∈ [0,M − 1] ⊂ Z. Within the CAF
synthesis approach, this means to synthesize M2 CAF,
namely, Cuv for (u, v) ∈ [0,M − 1]× [0,M − 1].

Let Ĉuv be the desired amplitude of the CAF Cuv . We
define the synthesis objective function S as

S =

M−1∑
u,v=0

∞∫
−∞

wuv

∣∣∣Ĉuve
jΨuv − Cuv

∣∣∣2 dθ (18)

where wuv = wuv(θ
⋆,θ) is a weight function that

can be used to select the synthesis region, and Ψuv =
Ψuv(θ

⋆,θ) is a phase term introduced to avoid dealing
with the absolute value of the CAF. It’s easy to see that
the minimizer Ψuv is given by Ψuv = arg {Cuv}.

We replace Cuv from Equation 13 into Equation 18 and
discard the constant term as it does not affect the mini-
mization solution. The objective function is written be-
low as a function of the phase codes:

S(a,b) =

M−1∑
u,v=0

∞∫
−∞

wuv

[ ∣∣bH
v Auvau

∣∣2 (19)

− bH
v Ĉ∗

uve
−jΨuvAuvau

− aHu Ĉuve
jΨuvAH

uvbv

]
dθ

where a =
[
aT0 aT1 · · · aTM−1

]T
and b =[

bT
0 bT

1 · · · bT
M−1

]T
.

By minimizing S(a,b) we can approximate the Auto-
and Cross-Ambiguity Functions to the desired Ĉuv func-
tions. However, the SNR loss due to the unmatched filter
is not taken into account and could reach excessively high
values. To avoid high SNR loss, we additionally define
the following objective function to minimize SNR loss.

L(a,b) =

M−1∑
u=0

∣∣PNejΨu − bH
u au

∣∣2 −M(PN)2

=

M−1∑
u=0

[ ∣∣bH
u au

∣∣2 − PNe−jΨubH
u au (20)

− PNejΨuaHu bu

]



where we considered, without loss of generalization, that
bH
u and au are normalized such that bH

u bu = aHu au =
PN . Moreover, Ψu = arg

{
bH
u au

}
is an auxiliary phase

term. Notice that L(a,b) ≥ 0 with the equality be-
ing achieved if, and only if, bu = au, that is, with the
matched filter.

The combined objective function is defined as a sum of
Equation 18 and Equation 20, weighted by a parameter
ϵ ∈ [0, 1]. The minimization problem is posed as

min
a,b

Γ(a,b) = ϵS(a,b) + (1− ϵ)L(a,b) (21)

s.t. |aupn| = 1 for u = 0, 1, . . . ,M − 1
bH
upbup = N p = 0, 1, . . . , P − 1

n = 0, 1, . . . , N − 1

6. ITERATIVE SOLUTION

Equation 21 constitutes a quartic optimization problem
with non-convex constraints and is not easily solved di-
rectly. Therefore, we apply the Block Coordinate Descent
approach [42], in which the overall optimization is parti-
tioned into simpler sub-problems to be solved in iterative
steps: first we assume that b is constant and optimize for
a, then we do the opposite and consider a constant to op-
timize for b. The objective function for b and a fixed
becomes, respectively:

b fixed: Γ(a) = aHFa− bHHa− aHHHb (22)

a fixed: Γ(b) = bHGb− bHHa− aHHHb (23)

where

Fu = ϵ

M−1∑
v=0

∞∫
−∞

wuvA
H
uvbvb

H
v Auvdθ + (1− ϵ)bub

H
u

F = diag (F0, F1, · · · , FM−1)

Gv = ϵ

M−1∑
u=0

∞∫
−∞

wuvAuvaua
H
u AH

uvdθ + (1− ϵ)ava
H
v

G = diag (G0, G1, · · · , GM−1)

Hvu = ϵ

∞∫
−∞

wuvĈ
∗
uve

−jΨuvAuvdθ

+ (1− ϵ)PNe−jΨuδuvI

H =


H00 H01 · · · H0,M−1

H10 H11 · · · H1,M−1

...
...

. . .
...

HM−1,0 HM−1,1 · · · HM−1,M−1



The problem has been simplified to a quadratic prob-
lem, but the non-convex constraints remain. To deal with
the constraint, we use the approach presented in [38], in
which the optimization is performed without considering

the constraints and then the solution is projected back to
the feasible set of solutions. The minimization and pro-
jection steps are:

b fixed: a⋆ = F−1HHb (24)

a⋆ ← ej arg (a⋆) (25)

a fixed: b⋆ = G−1Ha (26)

b⋆
v ← b⋆

v

√
PN

b⋆H
v b⋆

v

(27)

The objective function Γ in Equation 22 and Equation 23
presents a minimum in the unconstrained space of a and
b if, and only if, the Hessian matrix of Γ is positive-
definite, which implies that the matrices F and G should
be positive-definite. To ensure positive-definiteness of F
and G, we additionally apply a diagonal loading given
by F ← F + λF I and G ← G + λGI , with λF and
λG greater than the absolute value of the most negative
eigenvalue of F and G, respectively. A similar technique
is done in [43]. Notice that the positive definiteness of F
and G also ensures that the objective function decreases
at each of the steps in Equation 24 and Equation 26.

The Auto- and Cross-Ambiguity Functions are synthe-
sized by providing the desired Cuv functions and the
weight functions wuv , and then iteratively optimizing a
and b until a convergence criterion is met. This gives
flexibility to choose a region of interest in the space of θ
as well as a desired shape for the functions.

7. NUMERICAL EXPERIMENTS

This section presents some numerical experiments to test
the proposed CAF synthesis algorithm and evaluate its
performance against classical analytically derived codes.
In the simulations, we utilized two transmitters and two
receiving filters, with each filter linked to a specific trans-
mitter. The AAF was evaluated by processing the wave-
form of the first transmitter using the first filter, while
the CAF was assessed by processing the first transmit-
ter’s waveform with the filter associated with the second
transmitter. The remaining combinations of transmitted
waveforms and filters were not evaluated, as they were
deemed redundant for this analysis.

Initially, we tested the algorithm’s capability to synthe-
size arbitrary AAF shapes while maintaining orthogonal-
ity in the CAF. In the second experiment, we analyzed
the effect of using multiple pulses, each with different
codes, on the synthesis algorithm. The goal AAF was
set to a thumbtack shape, while the goal CAF was set
to zero. The synthesis algorithm was executed multiple
times with an increasing number of pulses. In the third
experiment, we evaluated the algorithm’s performance in
synthesizing waveforms with an ideal AAF (thumbtack
shape) and zero CAF. Strategies included using a digital
impulse function with a guard mask, a Gaussian function,



and a sinc function for the main lobe to enhance synthesis
stability and quality.

In the experiments, we evaluated performance using the
following metrics: Peak Sidelobe Level Ratio (PSLR)
and Averaged Sidelobe Level Ratio (ASLR) [44] for the
AAF, along with Peak Sidelobe Level (PSL) and Aver-
aged Sidelobe Level (ASL) for the CAF. These metrics
were assessed across specific subsets of the target param-
eter space referred to as “slices”. The slices include the
range-speed plane, range axis, and speed axis. Lower val-
ues of these metrics indicate better performance, provid-
ing a comprehensive evaluation of the algorithm’s syn-
thesis capability across various conditions. Conceptually,
the PSLR and ASLR are defined as

PSLR = 20 log

(
Sidelobe Peak
Mainlobe peak

)
(28)

ASLR = 10 log

( ∫
(Sidelobe)2

Sidelobe volume
Mainlobe volume∫
(Hauptkeule)2

)
(29)

Table 1 presents the common parameters used in the sim-
ulations. Test-specific parameters are described in the
text of the corresponding test.

Table 1. Common parameters used in numerical experi-
ments.

Parameter Value
Pulse width 1 ms

Carrier frequency 1.5 GHz
PRI 0.02 s

Number of pulses 10
Code length (per pulse) 256
Number of transmitters 2

7.1. Chirp-like and Tracking Application

First, the goal AAF is set as a diagonal of 1 values and
the other values are 0. The goal CAF is set to zero. From
Figure 4, we notice that the generated waveforms are very
similar to a chirp waveform, except for the time-stepped
phase shifts and an amplitude modulation for the Rx fil-
ters. Although the result is not impressive in the sense
of obtaining a new waveform code, it is interesting to
see that the synthesis algorithm was able to generate the
phase code that reproduces the linear frequency modula-
tion of the chip waveform, in order to approximate the
goal AAF. In the frequency domain, Figure 5, we notice
the resemblance with the chirp frequency spectrum and
we see that the generated chirps are placed in different
center frequencies. This result comes from the orthogo-
nality requirement enforced by the goal zero CAF.

Second, we consider a tracking application, in which the
range and Doppler speed of the target are already known
up to some degree of uncertainty, and the detection aims
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Figure 4. Chirp-like – First pulse in time domain.
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Figure 5. Chirp-like – First pulse in frequency domain.

to correct the predictions. Therefore, it is not necessary
to search in the entire target parameter space, and one
can focus on a smaller region around the origin instead.
In this case, high sidelobes outside the search region are
irrelevant and we can ignore the optimization in that re-
gion. To test this, we reduce the optimization region to
[0, 50] km in range and [−1.125, 1.125] km/s in radial
speed. The goal AAF is set to an impulse function (dis-
crete unit sample function) with value 1 at origin and 0
everywhere else. The CAF is set to zero. The weight
function is 1 everywhere except in a guard region around
the origin. The reason for this guard region is to avoid nu-
meric instabilities as the algorithm would try to optimize
a region that is impossible to nullify due to resolution.
The resulting AAF and CAF are presented in Figures 6
and 7, where we notice an average sidelobe level as low
as −50 dB in the optimization region. The exact numeric
values for the calculated metrics are presented in Table 2.
With this test, we demonstrate the effectiveness of the
proposed algorithm in optimizing waveforms specifically
tailored for tracking applications.
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Figure 6. Tracking application – AAF.
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Figure 7. Tracking application – CAF.

Table 2. Performance metrics for tracking application
(dB).

Metric RVA-Slice RV-Slice R-Slice V-Slice
Loss
PSLR -5,85 -20,91 -51,46 -20,91
ASLR -11,41 -30,24 -52,69 -23,95
PSL -24,45 -44,68 -58,93 -56,27
ASL -36,64 -60,18 -65,46 -62,47

CAF

AAF
0,26

7.2. Effect of multiple pulses

This experiment is aimed to investigate the impact of uti-
lizing multiple pulses, each encoded with distinct codes,
on the synthesis of Ambiguity Functions. The objective
was to assess whether increasing the number of pulses
could effectively improve the sidelobe level reduction and
decrease cross-correlation interference.

To proceed with this analysis, we established the target
AAF as a thumbtack shape with a guard region around
the mainlobe. The goal CAF was set to zero to ensure
orthogonality. The optimization region was defined as

[0, 300] km in range and [−10, 10] km/s in radial speed.
The synthesis algorithm was executed successively, with
the number of pulses incrementally increasing in each
run, from 1 pulse up until 10 pulses. The AAF and CAF
metrics were then evaluated for each generated code set
and are compared across the different configurations for
the number of pulses.

Figure 8 presents the optimization objective function ver-
sus iteration for the different configurations of number
of pulses. The absolute values of this objective function
do not tell us much, except that the smaller the value the
better the synthesized AF approximate the goal AF. How-
ever, the values are comparable to each other because we
normalized this metric in terms of the number of pulses.
From this figure, we notice that all the configurations con-
verge and, indeed, increasing the number of pulses im-
proves the final value of the objective function.
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Figure 8. Objective function versus iteration.

Figures 9 and 10 illustrate how the metrics for the AAF
and CAF, respectively, change as the number of pulses
increases. From the figures, we notice a slight decrease
in the AAF metrics followed by a stagnation, while in the
CAF metrics we notice a monotonous decrease.

7.3. Thumbtack

In the last numerical experiment, we assessed the per-
formance of the synthesis algorithm in generating wave-
forms that closely match ideal Auto Ambiguity Functions
(AAFs) and Cross Ambiguity Functions (CAFs).

Initially, we set the goal AAF as a digital impulse func-
tion with a guard region. In the second and third opti-
mizations, we applied a Gaussian shape and a Sinc shape,
respectively, for the peak of the AAF. The Gaussian full
width at half maximum and the sinc width were set to
be equal to the size of the resolutions. By applying a
guard region in the first optimization, we exclude those
points during the synthesis process, which typically re-
duces the number of points contributing to the main lobe
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and, consequently, diminishes its overall significance rel-
ative to the sidelobes. By setting the goal AAF to a Gaus-
sian/Sinc shape, we effectively circumvented this issue of
discarding points, ensuring a more balanced representa-
tion of the main lobe. Moreover, we set the values out-
side the mainlobe to −30 dB instead of 0. The reasoning
is that by pushing the energy to zero in some points, one
could end up with high sidelobes in points where the AF
is not optimized, due to the constant volume property of
the AF. Meanwhile, aiming for a more relaxed objective
function could try to obtain a more uniform and balanced
sidelobe level, with smaller peaks. The goal AAF for the
Gaussian shaped AAF is presented in Figure 11, for the
Sinc-shaped AAF, it is presented in Figure 12. The goal
CAF is set to −30 dB for both optimizations.

To test the FHSS technique in an asynchronous CDMA,
one must choose a code that shifts the frequency of the
waveform in such a way that conflicts are minimized
when the signal is correlated with a time-delayed and
frequency-shifted copy of itself. This is none other than
the Costas waveform. In other words, the Costas wave-
form can be seen as a special case of FHSS when applied
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Figure 12. Sinc-shaped goal AAF.

to the rectangular pulse. We employ a hybrid approach, in
which multiple Costas codes are used together with DSSS
(similar to [45]). We assign a different Costas code to
each transmitter. A different optimization run was made
for the case where no FHSS is applied and for the case
where the Costas code is used for FHSS.

We compared the obtained optimized codes with clas-
sical analytically derived codes: Walsh-Hadamard, M-
Sequence, Gold, and Kasami. Each of these code sets
has several codes that can be used to distinguish between
transmitters. We arbitrarily chose a pair of codes from
each set and assigned one code to each transmitter. More-
over, we combined a DSSS using the mentioned analyt-
ically generated codes with the FHSS using the Costas
code. In addition to the classical codes, we implemented
the optimization methods from [35] and [36]. How-
ever, because their methods consider only the single pulse
case, we applied some modifications to the methods, in
the direction of considering a train of pulses as a single
waveform and then applying the single pulse methods of
the references.

The resulting waveforms had their performance evaluated
in terms of the defined metrics and the results are listed
in Table 3, for AAF metrics, and in Table 4, for CAF
metrics. The SNR loss is presented in Table 5. These
tables indicate that the optimized waveforms, either with
the proposed CAF sythesis approach or with the methods
from Chen et al [35] and He et al. [36], present better
orthogonality properties (lowest CAF metrics) than the



Table 3. Results of the performance metrics for AAF.

.

None Costas None Costas None Costas
None - -14,18 None - -19,33 None - -14,18

Walsh-Hadamard -3,13 -14,25 Walsh-Hadamard -3,13 -20,89 Walsh-Hadamard -14,80 -14,25
M-Sequence -13,79 -14,17 M-Sequence -23,59 -21,11 M-Sequence -13,79 -14,38

Gold -14,22 -14,63 Gold -18,29 -22,43 Gold -14,22 -14,75
Kasami -13,95 -14,46 Kasami -18,55 -23,26 Kasami -13,95 -14,46

Chen et al. -12,96 -13,02 Chen et al. -22,62 -22,45 Chen et al. -12,96 -13,02
He et al. -14,11 -14,23 He et al. -27,84 -27,64 He et al. -14,11 -14,23

Optim. (Impulse) -14,13 -14,25 Optim. (Impulse) -19,58 -30,92 Optim. (Impulse) -14,13 -14,25
Optim. (Gaussian) -14,23 -14,24 Optim. (Gaussian) -19,03 -29,67 Optim. (Gaussian) -14,23 -14,24

Optim. (Sinc) -14,22 -14,09 Optim. (Sinc) -20,86 -28,85 Optim. (Sinc) -14,22 -14,09

None Costas None Costas None Costas
None - -19,34 None - -24,92 None - -23,01

Walsh-Hadamard -20,71 -15,54 Walsh-Hadamard -15,29 -20,84 Walsh-Hadamard -25,93 -23,41
M-Sequence -18,41 -19,38 M-Sequence -24,39 -22,84 M-Sequence -23,47 -24,34

Gold -15,11 -17,78 Gold -21,35 -22,78 Gold -23,99 -24,06
Kasami -16,35 -18,38 Kasami -21,51 -23,42 Kasami -24,01 -23,58

Chen et al. -17,55 -16,72 Chen et al. -25,27 -22,83 Chen et al. -22,94 -22,17
He et al. -24,91 -24,98 He et al. -29,35 -31,21 He et al. -25,78 -25,13

Optim. (Impulse) -23,56 -23,97 Optim. (Impulse) -31,43 -33,59 Optim. (Impulse) -26,00 -25,27
Optim. (Gaussian) -24,34 -23,90 Optim. (Gaussian) -30,21 -30,17 Optim. (Gaussian) -25,91 -25,31

Optim. (Sinc) -24,88 -24,62 Optim. (Sinc) -31,75 -31,67 Optim. (Sinc) -25,63 -24,85

PSLR

RV R V

DSSS
FHSS

DSSS
FHSS

DSSS
FHSS

(a) AAF - PSLR in RV map (b) AAF - PSLR in R map (c) AAF - PSLR in V map

ASLR

DSSS
FHSS

DSSS
FHSS

(d) AAF - ASLR in RV map (e) AAF - ASLR in R map (f) AAF - ASLR in V map

FHSS
DSSS

Table 4. Results of the performance metrics for CAF.

None Costas None Costas None Costas
None - -17,19 None - -19,85 None - -20,21

Walsh-Hadamard -18,40 -17,66 Walsh-Hadamard -28,02 -20,98 Walsh-Hadamard -20,53 -19,64
M-Sequence -16,12 -18,55 M-Sequence -18,28 -19,48 M-Sequence -18,48 -20,62

Gold -16,93 -18,86 Gold -18,42 -21,89 Gold -20,53 -20,86
Kasami -12,61 -18,09 Kasami -17,89 -21,94 Kasami -13,61 -21,45

Chen et al. -25,92 -26,84 Chen et al. -30,00 -29,34 Chen et al. -28,81 -27,26
He et al. -24,85 -26,45 He et al. -28,90 -28,77 He et al. -28,27 -28,06

Optim. (Impulse) -25,45 -26,89 Optim. (Impulse) -26,77 -29,80 Optim. (Impulse) -26,33 -28,68
Optim. (Gaussian) -24,92 -26,42 Optim. (Gaussian) -28,74 -29,56 Optim. (Gaussian) -27,79 -29,48

Optim. (Sinc) -26,02 -26,96 Optim. (Sinc) -26,81 -29,40 Optim. (Sinc) -26,81 -29,16

None Costas None Costas None Costas
None - -31,50 None - -30,34 None - -29,86

Walsh-Hadamard -34,40 -31,04 Walsh-Hadamard -40,19 -30,25 Walsh-Hadamard -31,71 -27,91
M-Sequence -29,69 -33,34 M-Sequence -27,79 -31,91 M-Sequence -27,37 -30,12

Gold -29,61 -33,09 Gold -28,92 -31,75 Gold -26,55 -29,55
Kasami -29,38 -33,08 Kasami -28,99 -31,67 Kasami -27,16 -29,46

Chen et al. -39,72 -40,39 Chen et al. -40,49 -40,48 Chen et al. -36,28 -36,60
He et al. -38,99 -40,32 He et al. -39,04 -40,36 He et al. -35,33 -36,83

Optim. (Impulse) -39,59 -40,28 Optim. (Impulse) -39,54 -40,45 Optim. (Impulse) -35,65 -36,79
Optim. (Gaussian) -39,54 -40,23 Optim. (Gaussian) -39,53 -40,21 Optim. (Gaussian) -35,08 -37,06

Optim. (Sinc) -39,50 -40,30 Optim. (Sinc) -39,46 -40,28 Optim. (Sinc) -35,44 -37,15

R VRV

DSSS

(b) CAF - PSL in R map(a) CAF - PSL in RV map

PSL

DSSS
FHSS

(c) CAF - PSL in V map

FHSS
DSSS

FHSS

(d) CAF - ASL in RV map

ASL

DSSS
FHSS

(e) CAF - ASL in R map (f) CAF - ASL in V map

DSSS
FHSS

DSSS
FHSS



Table 5. SNR Loss.

None Costas
None - 0,00

Walsh-Hadamard 0,00 0,00
M-Sequence 0,00 0,00

Gold 0,00 0,00
Kasami 0,00 0,00

Chen et al. 6,61 6,61
He et al. 0,00 0,00

Optim. (Impulse) 0,00 0,00
Optim. (Gaussian) 0,00 0,00

Optim. (Sinc) 0,00 0,00

DSSS
FHSS

SNR Loss (dB)

classical waveforms. When it comes to sidelobes in the
AAF, we notice a worce performance for the Chen et al.
waveform while the synthesis approach and the He et al.
method still provide good performance. With respect to
the SNR loss, all waveforms present zero loss, except for
Chen et al.. The reason for this was not fully investigated,
but a mistake in our implementation of the method from
Chen et al. is not to be discarded.

8. CONCLUSION

In conclusion, the waveforms examined in this study
demonstrated satisfactory performance regarding side-
lobe levels in both the Auto Ambiguity Function (AAF)
and Cross Ambiguity Function (CAF), highlighting that
CDMA techniques can effectively facilitate the devel-
opment of orthogonal waveforms for radar networks.
The combination of Direct Sequence Spread Spec-
trum (DSSS) and Frequency Hopping Spread Spectrum
(FHSS) emerges as a robust strategy for generating or-
thogonal waveforms. Moreover, the use of multiple
pulses can enhance sidelobe cancellation; however, it ne-
cessitates careful phase compensation to address chal-
lenges posed by high speeds and accelerations. Addition-
ally, the AF synthesis method provides a straightforward,
flexible approach with deterministic convergence, allow-
ing for efficient waveform design.
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