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ABSTRACT

The effect of the radiation pressure and Poynting–
Robertson effect on the evolution of the orbits of satellites
in low-order resonance regions is studied, depending on
their area-to-mass ratio (AMR). The regions of low-order
resonance zones 1:1, 1:2 and 1:3 are considered. The or-
bital evolution of geosynchronous, supergeosynchronous,
GPS, Molniya and circular equatorial objects for reso-
nances 1:2, 1:3 are studied from numerical simulations
on period of time 240 yr and from positional observa-
tions at the SBG telescope of the Astronomical Observa-
tory of the Ural Federal University. Secular perturbations
of semi-major axes of orbits, caused by the Poynting–
Robertson effect, are estimated in the region of low-order
resonance zones at different AMR.

Key words: light pressure; Poynting-Robertson effect;
low-order resonances; area-to-mass ratio.

1. INTRODUCTION

The orbital evolution of Earths satellites in the neigh-
borhood of low-order resonances (1:1, 1:2, and 1:3) was
studied by many authors (see, e.g., [1, 2, 8, 21]).

The problem of the motion of satellites with a high area-
to-mass ratio (AMR) again became of interest after more
than a hundred objects with AMR from 1 to 50 m2/kg
were identified in near-Earth space [11]. The AMR of
these objects, related to space debris, is much higher than
the AMR values characteristic of artificial Earth’s satel-
lites. At such high AMR values, perturbations caused
by light pressure are second in value after Earths gravi-
tational field; they are the factor affecting the motion of
bodies in near-Earth space. Works devoted to the study
of the light field effect on the motion of geosynchronous
objects are briefly reviewed in [12].

The long-term orbital evolution of objects in the neigh-
borhood of the 1:2 resonance was studied, for example,
in [7, 3].

When studying the long-term orbital evolution of objects

with a high AMR, the Poynting-Robertson effect should
be taken into account. This effect leads to a secular de-
crease in the semi-major axis [18, 16, 19, 17, 20, 12, 14].

In this work, we present estimates of the AMR of objects
moving in the neighborhood of low-order resonances ob-
tained from the results of positional observations at the
SBG telescope of the Astronomical Observatory of the
Ural Federal University (AO UrFU). Based on data of
numerical simulation for low-order resonances, the po-
sitions and sizes of resonance zones are defined depend-
ing on the AMR; secular perturbations of the semi-major
axes of the orbits are estimated in the neighborhood of
the resonance zones.

2. QUALITATIVE CHANGES OF THE ORBITAL
EVOLUTION DUE TO THE RADIATION
PRESSURE

The study of orbital evolution on long time intervals was
performed on the basis of the results of numerical simu-
lation. We used ”A Numerical Model of the Motion of
Artificial Earth’s Satellites”, developed by the Research
Institute of Applied Mathematics and Mechanics of the
Tomsk State University [5]. The model of disturbing
forces taken into account the main perturbing factors:
the nonsphericity of the gravitational field of the Earth
(model EGM96 [15], harmonics up to the 27th order and
degree inclusive), the attraction of the Moon and the Sun,
the tides in the Earths body, the direct radiation pres-
sure, taking into account the shadow of the Earth (the
reflection coefficient of the satellite surface k = 1.44),
the Poynting–Robertson effect, and the atmospheric drag.
The integration of motion equations was carried out by
the Everhart method of the 15th order. The specified pa-
rameters of the model provided necessary accuracy for
solving the problem of motion prediction in a time inter-
val of 240 yr [13].

2.1. Geosynchronous orbits

For the geostationary orbit, estimates of values of AMR
were obtained, with which it is possible to exit the li-
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bration resonance mode. In the vicinity of the sta-
ble point with initial longitude of the subsatellite point
λ0 = 75◦, the exit from the libration resonance is regis-
tered at the value of the AMR γ from 5.9 to 6.0 m2/kg
(kγ = 8.496 − 8.640 m2/kg); in the vicinity of the
unstable point λ0 = 345◦, at γ = 1.4 − 1.5 m2/kg
(kγ = 2.016− 2.160 m2/kg). Fig. 1 shows the evolution
of the longitude of the subsatellite point λ of the geosyn-
chronous object with γ = 6.0 m2/kg. The exit of the
object from the libration resonance occurs along a quasi-
random trajectory. During this process, the motion mode
changes several times (the libration relative to the point
with a longitude λ = 75◦ of with respect to λ = 345◦

and a circular mode).
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Figure 1. Evolution of the longitude of the subsatellite
point λ of the geosynchronous object at the value of the
AMR of γ = 6 m2/kg.

For initial conditions, corresponding to geosynchronous
and supergeosynchronous orbits, re-entering to the Earth
occurs at values of the AMR of γ > 32.3 m2/kg (kγ >

46.5 m2/kg), and hyperbolic exit from the Earth orbit
takes place if γ > 5268 m2/kg (kγ > 7585 m2/kg).

With an increase in AMRs of objects, the amplitude of
long- and short-period oscillations of the orbit inclina-
tion increases. The amplitude of long-period oscillations
reaches 2ε (here ε is the obliquity of the ecliptic to the
equator). The amplitude of short-period oscillations in-
creases to 2◦. In the case of high AMR, maximum incli-
nation of the orbit can reach i = 49◦. With increasing
AMR, the oscillation period of inclination is significantly
reduced; i.e., from 55 years at γ = 0.02 m2/kg to 6 years
at γ = 32.2 m2/kg.

In [6, 22] the existence of a stationary point was demon-
strated in the phase plane (e0, π0) ”eccentricity e and lon-
gitude of pericenter π”, corresponding to the following
initial conditions

e0 ≈ 0.01kγ, π0 = λ⊙. (1)

Here λ⊙ is the ecliptic longitude of the Sun.

With initial conditions corresponding to the stationary
point (1) the mean value of the eccentricity of the orbit
is retained. The amplitude of eccentricity oscillations is
minimal, although it increases with the AMR. Conditions
under which the solar angle is ϕ⊙ = π − λ⊙ ≈ 0 pro-
vide a stable orbital evolution of objects with high AMR
(Fig. 2).
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Figure 2. Evolution of the eccentricity of the orbit e of the
geosynchronous object with the initial conditions corre-
sponding to the stationary point (1).

In the vicinity of the stable point λ = 75◦ the exit
from the libration resonance mode occurs when the value
of the AMR is from 19 to 20 m2/kg (kγ = 27.36 −
28.80 m2/kg). In the vicinity of the unstable point
λ = 345◦ the exit takes place at γ = 3 − 4 m2/kg
(kγ = 4.32− 5.67 m2/kg).

The re-entry of an object to the Earth is registered at val-
ues of the AMR γ > 54 m2/kg (kγ > 77.76 m2/kg).
These values are close to the maximal values obtained
in observations of estimates of AMR of geosynchronous
objects [11].

The radiation pressure provides a natural cleansing of the
geostationary field of objects with a high AMR. For ob-
jects that are not affected by the librational resonance per-
turbations due to the Poynting–Robertson effect lead to a
noticeable secular decrease in the semi-major axis.

If kγ > 78 m2/kg, the growth of the eccentricity of the
orbit will lead to re-entering of the object to the Earth (or
re-entry) in a few months. Further, we consider the re-
entering of the object to the Earth to mean not only the
re-entry, but entry into the atmosphere and the possible
destruction of the object during the flight in the atmo-
sphere.

If kγ = 29 − 78 m2/kg, for some initial conditions the
object can re-entry to the Earth. In this case, the result
depends strongly on the initial values of the longitude of
the subsatellite point, longitude of the pericenter of the
orbit, longitude of the Sun, eccentricity, and so on.



Fig. 3 shows the evolution of the orbital semi-major
axis a (Fig. 3a) and longitude of the subsatellite point λ
(Fig. 3b) of the geosynchronous object at the value of the
AMR of γ = 40 m2/kg (λ0 = 75◦). The initial data cor-
responds to the conditions (1), providing an orbital evo-
lution with the ”constant” eccentricity. On the interval
t = 50 − 65 years the object is temporary captured into
the libration resonance (Fig. 3b). During this time, the
mean value of the semi-major axis of the orbit remains
almost constant (Fig. 3a).
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Figure 3. Evolution of (a) the semi-major axis of the
orbit a and (b) longitude of the subsatellite point λ of
the geosynchronous object at the value of the AMR of
γ = 40 m2/kg (λ0 = 75◦). The initial data correspond
to the conditions (1), providing an orbital evolution with
”constant” eccentricity.

Geosynchronous objects with an initial value of the semi-
major axis of the orbit a0 = 42165 km with kγ = 5 −
28 m2/kg, depending on the initial conditions, can exit
the libration resonance mode.

Thus a natural cleansing of the geostationary orbit oc-
curs from the space debris with kγ > 5 m2/kg; i.e., fast

cleansing takes place on time intervals of several years for
high AMR due to the influence of direct solar radiation
and slow cleansing occurs at intervals up to 105 years for
smaller values of kγ under the influence of the Poynting–
Robertson effect.

2.2. Critical arguments and their frequencies

Frequencies of perturbations caused by the effect of sec-
toral and tesseral harmonics of the Earth’s gravitational
potential are linear combinations of the mean motion of a
satellite nM , angular velocities of motion of the pericen-
ter ng and node nΩ of its orbit, and the angular velocity
of the Earth ω:

νjpq = pnM + jng + qnΩ − qω. (2)

The ranges of variation in the integer subscripts are
q = 1, . . . , h; j = −h, . . . , h; p = −∞, . . . ,∞;
h = 2, . . . ,∞. Since the perturbation amplitudes de-
crease as indices increase, we are interested in conditions
under which Eq. (2) is reduced to the form νjpq ≈ 0 at
|j|, |p| ,q 6 1÷ 3.

Following [1, 2], we form the frequencies

ν1 = u(nM + nΩ + ng)− vω,

ν2 = u(nM + ng) + v(nΩ − ω),

ν3 = unM + v(ng + nΩ − ω)

(3)

of three critical arguments

Φ1 = u(M +Ω+ g)− vωt = ν1t,

Φ2 = u(M + g) + v(Ω− ωt) = ν2t,

Φ3 = uM + v(g +Ω− ωt) = ν3t,

(4)

where M is the mean anomaly, Ω is the longitude of the
ascending node, g is the argument of the pericenter, u, v
are integers.

The condition ν1 ≈ 0 corresponds to the resonance be-
tween the mean satellite motion nM and the Earth’s an-
gular velocity ω (n resonance). The condition ν2 ≈ 0
corresponds to an i resonance, under which the position
of the ascending node of the orbit repeats periodically in
a rotating coordinate system. The condition ν3 ≈ 0 cor-
responds to a e resonance at which the position of the line
of apsides is considered.

The mean longitude l = M + Ω + g is a fast variable,
while the elements g and Ω are slow ones; therefore, an
n resonance is a first-order resonance, and i and e reso-
nances are second- and higher-order resonances. If there
is a first-order resonance, second- and higher-order res-
onances can result in overlapping resonance zones and
the formation of stochastic layers, where trajectory diffu-
sion between different resonances can occur. Accounting
for additional perturbations, e.g., caused by the luni-solar
forces, the light pressure, and the Poynting-Robertson ef-
fect, can result in capture in resonance and escape from



the resonance of trajectories passing near the boundaries
of stochasticity zone. These effects are strongest when
AMR increases. The resonance structure (arrangement
of resonance zones, their sizes, overlapping, etc.) of the
near-Earth space for objects with high AMR, can dif-
fer significantly from a structure in which perturbations
caused by the light pressure do not dominate.

2.3. Region of 1:2 resonance for circular equatorial
orbits

At low AMR values γ 6 0.2 m2/kg (kγ 6 0.288 m2/kg),
regions corresponding to n, i, and e resonances can be
singled out in the 1:2 resonance zone. The accuracy of
their boundary determination does not exceed 500 m due
to the overlapping of the resonance zones.

An increase in AMR causes an decrease in the width of
resonance zones. We did not succeed in separating the
resonance zones for 0.2 < γ < 0.5 m2/kg (0.288 <
kγ < 0.72 m2/kg). Objects escape from the 1:2 reso-
nance at γ = 0.5 m2/kg (kγ = 0.72 m2/kg). The width
of the resonance zone is shown to be ∆a ≈ 0 km for
objects with γ > 0.5 m2/kg (kγ > 0.72 m2/kg). This
means that objects with higher AMR are in the resonance
zone for a short time and then leave it.

Fig. 4 and 5 show evolution of the semi-major axis of
the orbit a, the eccentricity of the orbit e and the critical
arguments Φ1, Φ2, Φ3 of the circular equatorial object
in the case of temporal capture of the object in the 1:2
resonance (a0 = 26570 km, γ = 0.5 m2/kg). Resonance
passage leads to increase of the eccentricity of the orbit.

The overlapping of the resonance zones of the essential
n resonance and secondary i and e resonances for circu-
lar equatorial orbits results in complex behavior of the
long-term evolution of the orbit semi-major axis due to
transitions between the resonance regions. The resonance
zone is small, about several kilometers in size; therefore,
objects with γ > 0.5 m2/kg can escape from resonance.
Again, due to an increase in the secular perturbations of
the semi-major axis caused by the Poynting–Robertson
effect, such objects begin to move away from the reso-
nance zone.

2.4. Region of 1:2 resonance for GPS orbits

At low γ 6 0.001 m2/kg (kγ 6 0.00144 m2/kg), the ini-
tial values of the semi-major axis ensuring motion in the
region of the 1:2 resonance coincide for n, i, and e reso-
nances are in the range from 26558 to 26560.5 km. The
amplitude of oscillations of the semi-major axis attains
14 km in the resonance zone, i.e., amin = 26553 km and
amax = 26567 km.

If the initial values of the semi-major axis are outside the
central part of the resonance zone (a0 = 26553− 26557,
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Figure 4. Evolution of (a) the semi-major axis of the or-
bit a and (b) the eccentricity of the orbit e of the cir-
cular equatorial object in the case of temporal capture
of the object in the 1:2 resonance (a0 = 26570 km,
γ = 0.5 m2/kg).

26561 − 26567 km), the orbital evolution remains reso-
nant, and objects move along quasi-random trajectories.
A trajectory remains in the 1:2 resonance zone, but ran-
domly transits between different secondary resonances
(Fig. 6).

In addition to n, i, and e resonances with the correspond-
ing critical arguments Φ1, Φ2, and Φ3 (4) at u = 1, v = 2,
another two resonances are identified in this zone with the
critical arguments

Φ4 = M − Ω+ g − 2ωt = Φ1 − 2Ω,

Φ5 = M + 2(−g + 2Ω− ωt) = Φ3 + 2Ω− 4g.
(5)

An increase in AMR results in the escape of objects from
the resonance zone. The escape from the resonance zone
and re-entering on long-time period is observed at γ >

0.5 m2/kg (kγ > 0.72 m2/kg) (Fig. 7).
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Figure 5. Evolution of the critical arguments (a) Φ1, (b)
Φ2, (c) Φ3 of the circular equatorial object in the case
of temporal capture of the object in the 1:2 resonance
(a0 = 26570 km, γ = 0.5 m2/kg).
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Figure 6. Evolution of the semi-major axis of the orbit a
of the GPS object (a0 = 26557 km, γ = 0.1 m2/kg).
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Figure 7. Evolution of the semi-major axis of the orbit
a and of the eccentricity of the orbit e of the GPS object
(a0 = 26561 km, γ = 0.5 m2/kg).

2.5. Region of 1:2 resonance for Molniya orbits

When determining the position and estimating the width
of the 1:2 resonance zone for Molniya orbits, the ini-
tial values of the semi-major axis varied in the range
a0 = 26480 − 26650 km. The following initial values
were used: e0 = 0.65 for the eccentricity, i0 = 63.4◦

for the orbit inclination, and g0 = 270◦ for the pericenter
argument.

At low γ 6 0.001 m2/kg (kγ 6 0.00144 m2/kg), the
initial values of the semi-major axis ensuring motion in
the region of the 1:2 resonance over 60 years were in the
range from 26520 to 26522 km for an n resonance, and
from 26500 to 26520 km, for i and e resonances. The
amplitude of oscillations of the semi-major axis attains
60 km in the n resonance zone, i.e., amin = 26525 km
and amax = 26585 km, and exceeds 100 km in zones of
i and e resonances. The semi-major axis varies at least
from amin = 26470 km to amax = 26600 km.



An increase in AMR in the neighborhood of the bound-
aries of the resonance zone results in escape from the
regions of i and e resonances with transition to quasi-
random trajectories passing through the regions of sec-
ondary resonances. The escape from the region of the 1:2
resonance is observed at γ > 1 m2/kg (kγ > 1.44 m2/kg)
(Fig. 8). Re-entering occurs at γ > 10 m2/kg, because
the orbit pericenter enters the Earth’s atmosphere.
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Figure 8. Evolution of the semi-major axis of the orbit a
of the Molniya object (a0 = 26560 km, γ = 1 m2/kg).

When moving along an orbit of the critical inclination i ≈
63.4◦, the position of the orbit pericenter is saved since
ġ ≈ 0. The resonance connected with the critical orbit
inclination was observed at all the considered AMR val-
ues γ = 0.001−9 m2/kg (kγ = 0.00144−12.96 m2/kg)
(Fig. 9, 10).
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Figure 9. Evolution of the semi-major axis of the orbit a
of the Molniya object (a0 = 26560 km, γ = 8 m2/kg).
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Figure 10. Evolution of the inclination of the orbit i and
the argument of the pericenter of the orbit g for the Mol-
niya object (a0 = 26560 km, γ = 8 m2/kg).

2.6. Region of 1:3 resonance for circular equatorial
orbits

At low γ 6 0.01 m2/kg (kγ 6 0.0144 m2/kg), the initial
values of the semi-major axis ensuring motion in the re-
gion of the 1:3 resonance are in the range from 20 274 655
to 20 274 690 m for n and i resonances, and from
20 279 005 to 20 279 120 m, for a e resonance. The am-
plitude of oscillations of the semi-major axis is 220 m in
the zone of n and i resonances i.e., amin = 20 274 650 m
and amax = 20 274 870 m (Fig. 11), and 200 m in
the e resonance zone: from amin = 20 279 000 m to
amax = 20 279 200 m.
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Figure 11. Evolution of the semi-major axis of the or-
bit a and of the critical argument Φ1 of a circular equa-
torial orbit in the region of the 1:3 resonance (a0 =
20274665 m, γ = 0.01 m2/kg).

An increase in the AMR up to γ > 0.02 m2/kg (kγ >

0.0288 m2/kg) results in escape from the 1:3 resonance.
One can conclude that the 1:3 resonance zone for circu-
lar equatorial orbits is very narrow and does not exceed



several hundred meters. Regions of n and i resonances
overlap in the 1:3 resonance zone.

3. ESTIMATION OF SECULAR PERTURBA-
TIONS OF SEMI-MAJOR AXIS

The light pressure effect, including accounting for the
Poynting–Robertson effect, results in a secular increase
in the semi-major axis of a spherically symmetrical satel-
lite. This is manifested the most for objects with γ >

1 m2/kg [14]. In resonance regions, the effect weakens
significantly; however, the orbital evolution can change
quantitatively if an object has a high AMR and moves
near the boundary of a resonance zone.

The secular perturbations of the semi-major axis ˙̄a are ex-
tremely weak inside resonance zones and do not exceed
several cm/year at kγ 6 1.44 m2/kg. Reliable estimates ˙̄a
of can be obtained from the numerical simulation results
only for trajectories passing near the boundaries of a reso-
nance zone. The secular perturbations of the semi-major
axis are ˙̄a = −10 cm/year near the boundaries of the
zone of libration of the 1:1 resonance (a0 = 42195 km)
at kγ = 1.44 m2/kg.

The secular perturbations ˙̄a increase in absolute value
modulus outside resonance zones with semi-major axis
a. Thus, for a circular equatorial orbit at γ = 1 m2/kg
(kγ = 1.44 m2/kg), the modulus of secular perturbations
| ˙̄a| is 30 m/year for the initial value of the semi-major
axis a0 = 20274 km (the neighborhood of the 1:3 reso-
nance), 50 m/year for a0 = 26600 km (the neighborhood
of the 1:2 resonance), and 80 m/year for a0 = 42300 km
(supergeosynchronous orbit). It is corresponded to [16].

4. ESTIMATION OF AMR OF SPACE OBJECTS
FROM THE RESULTS OF POSITIONAL OB-
SERVATIONS

Positional observations of space objects moving in
geosynchronous, supergeosynchronous, highly elliptical,
medium-earth, and other orbits are carried out routinely
at the Astronomical Observatory of the Ural Federal
University using the Schmidt SBG telescope, four-axes
mounted, with a primary mirror 500 mm in diameter, a
focal length of 788 mm, and a correcting plate 425 mm
in diameter.

An Alta U32 CCD camera is mounted at the prime focus
of the telescope. It is equipped with 2184×1472 elements
of 6.8 × 6.8 µm in size. The scale of an image received
with the CCD system is 1.803′′/pixel; the system’s field
of view is 1.094◦ × 0.737◦ [9].

During observations, the SBG telescope and the CCD
system are controlled using the SBGControl software
specially developed at AO UrFU [10].

The results of CCD observations of satellites are as-
trometrically processed at the SBG telescope using the
FitsSBG software also developed at AO UrFU. The rms
errors of the determination of satellite coordinates by in-
trinsic convergence of astrometric reduction are 0.1′′ −
1′′. To improve the orbit elements and estimate the AMR,
the Celestial Mechanics software, developed at the Astro-
nomical Institute of the University of Bern [4], is used.
For estimating AMR, an object is considered as a sphere,
all points of which have an equal reflection coefficient k
ranging from 1 to 2.

According to the results of positional observations for ob-
jects on high and medium orbits carried out at the SBG
telescope in 2010–2012, the product kγ has been esti-
mated for high- and medium-orbit objects. AMR are de-
tected from 0.011 to 0.175 m2/kg for geosynchronous
and supergeosunchronous objects and from 0.016 to
0.94 m2/kg for Molniya type objects. The minimal time
intervals required for reliable estimation of kγ, were
14 days for geosynchronous orbits, seven days for Mol-
niya orbits, and five days for orbits in the neighborhood
of the 1:3 resonance.

The estimates of kγ can be related to small and moderate
values. For geosynchronous and supergeosynchronous
objects, the orbital evolution noticeably and quantita-
tively changes under the light pressure effect at kγ >

1 m2/kg [12]. In Sections 2.3 – 2.6, we shown that the
light pressure effect can result in significant qualitative
changes in the orbital evolution of objects in neighbor-
hood of the 1:2 and 1:3 resonances even at moderate
AMR [14].

5. CONCLUSION

Widths of resonance zones decrease with an increase in
AMR for circular equatorial orbits in the 1:1 and 1:2 res-
onances in the following sense. If one chooses an initial
value of the semi-major axis different from the exact res-
onance value, the AMR at which escape from resonance
occurs decreases (in comparison with the initial condi-
tions corresponding to an exact resonance). Correspond-
ingly, a maximally admissible range of oscillations of the
semi-major axis at which an object maintains the reso-
nance motion mode (in comparison with objects with low
AMR) decreases. A noticeable reduction of a resonance
region is observed at γ > 1 m2/kg (kγ > 1.44 m2/kg).
Escape from the resonance mode for orbits with large in-
clinations occurs at γ > 1 m2/kg; therefore, this effect is
weakly manifested for non-equatorial and highly ellipti-
cal orbits.

Comparison of AMR values, at which resonance zones
significantly reduce (for the 1:2 and 1:3 resonances) with
estimates of AMR from the observation results, shows
that the effect of low-order resonances on the long-term
orbital evolution of objects with maximal AMR should
significantly weaken. Further observations of these ob-
jects are of interest for revealing features of the orbital



evolution of space debris.

The possibility of transition between regions correspond-
ing to secondary resonances in the 1:2 resonance zone,
identified from numerical simulation results, is of prac-
tical interest. Highly accurate prediction of the motion
of objects on similar orbits requires accurate accounting
for non-gravitational perturbing factors. Calculation of
the AMR of such objects from observational results is an
urgent problem.

An decrease in the modulus of secular perturbations of
the orbit semi-major axis a caused by the Poynting–
Robertson effect with a increases the estimate of the time
interval required for ground impact of an object with a
high AMR. Objects with higher AMR have higher proba-
bilities of passing through the regions of low-order reso-
nances without temporal capture into resonance. How-
ever, an increase in secular perturbations of the orbit
semi-major axis while approaching Earth slows down the
process of clearing the near-Earth space of space debris.
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