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ABSTRACT 

7KLV�SDSHU�SUHVHQWV�D�SUHOLPLQDU\�LQYHVWLJDWLRQ�RI�VRPH�
SRVVLEOH� VWUDWHJLHV� IRU� WKH� GLVSRVDO� RI� VSDFHFUDIW� RQ�
+LJKO\�(OOLSWLFDO�2UELWV�DW�WKH�HQG�RI�OLIH��7KH�HIIHFW�RI�
OXQL�VRODU�SHUWXUEDWLRQV�LV�DQDO\VHG�WKURXJK�D�VLPSOLILHG�
SKDVH� VSDFH� PRGHO�� 7KLV� DOORZV� LGHQWLI\LQJ� WKH�
FRQGLWLRQV� IRU� UH�HQWU\� LQ� WKH�(DUWK¶V�DWPRVSKHUH��$V�D�
VHFRQG� VWUDWHJ\�� 0RRQ� UHVRQDQFHV� DUH� VWXGLHG� WR�
LQFUHDVH�WKH�RUELW�SHULJHH�DQG�WUDQVIHU�WKH�VSDFHFUDIW�RQ�
ZHDN�FDSWXUH�RUELWV���

1 INTRODUCTION 

,Q�WKLV�ZRUN��ZH�FRQVLGHU�WKH�H[SORLWDWLRQ�RI� OXQL�VRODU�
SHUWXUEDWLRQV�IRU�WKH�GLVSRVDO�RI�+LJKO\�(OOLSWLFDO�2UELWV�
�+(2��DERXW�WKH�(DUWK��6XFK�RUELWV�DUH�ZLGHO\�H[SORLWHG�
EHFDXVH� WKH\� DUH� FRQYHQLHQW� QRW� RQO\� IRU�
WHOHFRPPXQLFDWLRQ� SXUSRVHV�� EXW� DOVR� IRU� DVWURSK\VLFV�
PLVVLRQV�� VXFK� DV� ,17(*5$/�� DQG� ;00�1HZWRQ��
,QGHHG��WKH\�JXDUDQWHH�VSHQGLQJ�PRVW�RI�WKH�WLPH�DW�DQ�
DOWLWXGH�RXWVLGH�WKH�(DUWK
V�UDGLDWLRQ�EHOW�WR�DYRLG�QRLVH��
DQG� WKXV� HQDEOLQJ� ORQJ� SHULRGV� RI� XQLQWHUUXSWHG�
VFLHQWLILF� REVHUYDWLRQ�� 0RUHRYHU�� VRPH� +(2�� VXFK� DV�
0ROQL\D�DQG�7XQGUD�RUELWV��HQVXUH�D�PD[LPXP�WLPH�RI�
IOLJKW� LQ� WKH� FRYHUDJH� UHJLRQV� RI� WKH� JURXQG� VWDWLRQV�
VLWXDWHG� DW� WKH� VXE�DSRJHH� SRLQW�� HQKDQFLQJ�
FRPPXQLFDWLRQ� OLQNV�� ,I� WKH� LQFOLQDWLRQ� LV� SURSHUO\�
VHOHFWHG�� +(2� FDQ�PLQLPLVH� RU� QXOOLI\� WKH� GXUDWLRQ� RI�
WKH� VSDFHFUDIW� PRWLRQ� LQVLGH� WKH� HFOLSVHV�� %HFDXVH� RI�
WKHLU�LPSRUWDQFH��LW�LV�FUXFLDO�WR�FOHDU�WKHVH�UHJLRQV�DW�WKH�
HQG�RI�PLVVLRQ��

7KH� G\QDPLFV� RI� +(2� ZLWK� KLJK� DSRJHH� DOWLWXGH� LV�
PDLQO\� LQIOXHQFHG� E\� WKH� HIIHFW� RI� WKLUG� ERG\�
SHUWXUEDWLRQ� GXH� WR� WKH� JUDYLWDWLRQDO� DWWUDFWLRQ� RI� WKH�
0RRQ�DQG�WKH�6XQ��7KH�YDULDWLRQ�RI�WKH�RUELW�RYHU�WLPH�
FDQ� EH� GHVFULEHG� WKURXJK� WKH� YDULDWLRQ� RI� .HSOHULDQ�
HOHPHQWV� GRXEOH� DYHUDJHG� RYHU� RQH� RUELW� HYROXWLRQ� RI�
WKH�V�F�DQG�RYHU�RQH�RUELWDO�UHYROXWLRQ�RI�WKH�SHUWXUELQJ�
ERG\� >�@�� 7KH� OXQL�VRODU� DWWUDFWLRQ� LQGXFHV� ORQJ�WHUP�
DQG� VHFXODU� YDULDWLRQ� LQ� WKH� HFFHQWULFLW\�� LQFOLQDWLRQ��
DUJXPHQW�RI�WKH�QRGH�DQG�DUJXPHQW�RI�SHULJHH���

,Q�WKLV�SDSHU�WZR�VWUDWHJLHV�DUH�SURSRVHG�WR�DFKLHYH�WKH�
HQG�RI�OLIH� GLVSRVDO� RI� +(2�� $� ILUVW� VWUDWHJ\� DLPV� DW�

ORZHULQJ� WKH�SHULJHH�DOWLWXGH�VR� WKDW� WKH�VSDFHFUDIW�FDQ�
SHUIRUP�D� FRQWUROOHG� UH�HQWU\� LQWR� WKH� DWPRVSKHUH��7KH�
QDWXUDO�OLEUDWLRQ�LQ�LQFOLQDWLRQ�DQG�HFFHQWULFLW\��DQG�WKXV�
SHULJHH�DOWLWXGH��ZKRVH� HYROXWLRQ�GHSHQGV�RQ�WKH�YDOXH�
RI�WKH�DUJXPHQW�RI�WKH�SHULJHH�ZLWK�UHVSHFW�WR�WKH�(DUWK�
0RRQ� SODQH� LV� H[SORLWHG� >�@�� ûv� PDQRHXYUHV� FDQ� EH�
GHVLJQHG� WR� HQODUJH� WKH� DPSOLWXGH� RI� WKH� RVFLOODWLRQ� RI�
HFFHQWULFLW\��VR�WKDW�WKH�UH�HQWU\�DOWLWXGH�FDQ�EH�UHDFKHG����

7KH�VHFRQG�VWUDWHJ\�FRQVLGHUV�D�ZHDN�FDSWXUH�WUDMHFWRU\�
DW�WKH�0RRQ�FRPSXWHG�DVVXPLQJ�WKH�&LUFXODU�5HVWULFWHG�
7KUHH�%RG\� 3UREOHP� �&5�%3�� DSSUR[LPDWLRQ� >�@��
+\SHUEROLF� LQYDULDQW� PDQLIROGV� DVVRFLDWHG� ZLWK�
/LEUDWLRQ� 3RLQW� 2UELWV� �/32�� DW� WKH� /DJUDQJLDQ� SRLQW�
HLWKHU�/��RU�/��FDQ�EH�XVHG�WR�GHVLJQ�VXFK�DQ�RUELW��7R�
WDUJHW� D� OXQDU� ZHDN� FDSWXUH� DQ� LQFUHDVH� RI� DSRJHH�
DOWLWXGH�RI�WKH�+(2�DQG�D�GHFUHDVH�RI�LWV�LQFOLQDWLRQ�DUH�
QHHGHG�WR�H[SORLW�WKH�OXQDU�SHUWXUEDWLRQ��7KLV�ZLOO�DOORZ�
UDLVLQJ�WKH�SHULJHH�DOWLWXGH�WR�WKH�PLQLPXP�GLVWDQFH�WKH�
K\SHUEROLF�PDQLIROG�FDQ�WDNH�ZLWK�UHVSHFW�WR�WKH�(DUWK��
'HHS� RU� VKDOORZ� UHVRQDQFHV� ZLWK� WKH� 0RRQ� PHDQ�
PRWLRQ�DUH�VWXGLHG�WR�DFKLHYH�DQ�LQFUHDVH�RI�WKH�SHULJHH��
$� VHULHV� RI� VPDOO� ûv� PDQRHXYUHV� DUH� DOORZHG� DW� WKH�
SHULJHH�WR�PHHW�VXFFHVVLYH�UHVRQDQFHV��

,Q�WKH�GHVLJQ�RI�WKH�WZR�VWUDWHJLHV��WKH�WKLUG�ERG\�HIIHFW�
RI�WKH�0RRQ�LV�WUHDWHG�HLWKHU�LQ�WHUPV�RI� ORQJ�WHUP�DQG�
VHFXODU�YDULDWLRQ�RI� WKH�RUELWDO�HOHPHQWV��RU�DV�&5�%3��
:KLOH� LQ� WKH� ILUVW� FDVH� WKH� RUELWDO� HOHPHQWV� FDQ� EH�
DVVXPHG�FRQVWDQW�RYHU�RQH�UHYROXWLRQ�RI�WKH�VSDFHFUDIW��
ZKHQ� FDSWXUH� WUDMHFWRULHV� DUH� WDUJHWHG�� WKH� VHPL�PDMRU�
D[LV� LV� QRW� FRQVWDQW� DQ\PRUH�� RQ� WKH� RWKHU� HQG� LW�
LQFUHDVHV� WKURXJK�0RRQ� IO\�E\V�� 2QH� DSSURDFK� RU� WKH�
RWKHU�LV�VHOHFWHG�EDVHG�RQ�WKH�GLVWDQFH�IURP�WKH�0RRQ��

$�WHVW�FDVH�VFHQDULR�LV�GHVLJQHG�EDVHG�RQ�WKH�RUELW�RI�WKH�
,17(*5$/�PLVVLRQ�WKDW�KDV�FXUUHQWO\�EHHQ�H[WHQGHG�WR�
��� 'HF�� ������ %DVHG� RQ� WKH� QDWXUDO� HYROXWLRQ� RI� WKH�
RUELW� XQGHU� SHUWXUEDWLRQV�� D� SUHOLPLQDU\� DQDO\VLV� LV�
SHUIRUPHG� WR� DVVHVV� WKH� UHTXLUHG� IXHO� FRQVXPSWLRQ� IRU�
WKH�GLVSRVDO�PDQRHXYUH�DW�GLIIHUHQW�WLPHV��

2 LUNI-SOLAR PERTURBATIONS 

7KH� G\QDPLFV� RI� +(2� ZLWK� KLJK� DSRJHH� DOWLWXGH� LV�
PDLQO\� LQIOXHQFHG� E\� WKH� HIIHFW� RI� WKLUG� ERG\�
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SHUWXUEDWLRQ� GXH� WR� WKH� JUDYLWDWLRQDO� DWWUDFWLRQ� RI� WKH�
0RRQ�DQG�WKH�6XQ�DQG�WKH�HIIHFW�RI�WKH�(DUWK�REODWHQHVV��
&RRN¶V� IRUPXODWLRQ�JLYHV�WKH�VHFXODU�DQG�ORQJ�SHULRGLF�
SHUWXUEDWLRQ� GXH� WR� OXQL�VRODU� SHUWXUEDWLRQ� REWDLQHG�
WKURXJK� DYHUDJLQJ� RYHU� RQH� RUELW� UHYROXWLRQ� RI� WKH�
VDWHOOLWH� >�@�� ,W�DVVXPHV�FLUFXODU�RUELW� IRU� WKH�GLVWXUELQJ�
ERGLHV�DQG�FRQVLGHUV�RQO\�ILUVW�WHUPV�RI� Da a ��ZKHUH�a�

DQG� Da � DUH� UHVSHFWLYHO\� WKH� VSDFHFUDIW� DQG� WKH�

GLVWXUELQJ�ERG\�VHPL�PDMRU�D[LV�>�@��+RZHYHU��WKH\�GR�
WDNH�LQWR�DFFRXQW�WKH�REOLTXLW\�RI�WKH�6XQ�DQG�WKH�0RRQ�
RYHU� WKH�HTXDWRU�DQG� WKH�SUHFHVVLRQ�RI� WKH�0RRQ�SODQH�
GXH� WR� WKH� (DUWK� REODWHQHVV� �LQ� D� SHULRG� RI� ����� \HDUV�
ZLWK� UHVSHFW� WR� WKH� HFOLSWLF��� $OWHUQDWLYHO\�� &KDR� JLYHV�
DQRWKHU� IRUP� RI� WKH� DYHUDJHG� HTXDWLRQV� REWDLQHG� IURP�
DQ�H[SDQVLRQ�RI�WKH�GLVWXUELQJ�IXQFWLRQ�IURP�WKLUG�ERG\�
SHUWXUEDWLRQV� >�@�� 7KH� QXPHULFDO� SURSDJDWLRQ� RI� WKH�
RUELW�RI�,17(*5$/�FRQVLGHULQJ�VHFXODU�DQG�ORQJ�WHUP�
SHUWXUEDWLRQV� GXH� WR� J�� DQG� OXQL�VRODU� SHUWXUEDWLRQV��
IURP�2FW�������WR�-DQXDU\�������LV�FRPSDUHG�DJDLQVW�WKH�
DFWXDO� HSKHPHULGHV� RI� ,17(*5$/� �IURP� 1$6$�
+RUL]RQ��LQ�)LJXUH����

�
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Figure 1. Orbit evolution of INTEGRAL between 2002 
and 2021. Blue line: ephemerides (Horizon, NASA), red 
and green: numerical propagation with J2 and luni-
solar effect with Cook [1]  DQG�&KDR¶V formulation [6] . 

1RWH� WKDW� QR� PDQRHXYUHV� KDYH� EHHQ� DSSOLHG� LQ� WKH�
VLPXODWLRQ��ZKHUHDV�WKH�DFWXDO�HYROXWLRQ�RI�,17(*5$/�

PD\� FRQWDLQ� VRPH� FRUUHFWLRQ�PDQRHXYUHV��7KH� SHULJHH�
DOWLWXGH� YDULHV� IURP� RYHU� ������ NP� LQ� ����� WR� D�
PLQLPXP�RI������NP�RQ�2FW��������$OVR�WKH�LQFOLQDWLRQ�
RVFLOODWHV�EHWZHHQ�D�PD[LPXP�RI�����WR�����>�@��

8QGHU� WKH� IXUWKHU� DVVXPSWLRQ� WKDW� WKH� RUELWDO� HOHPHQWV�
GR� QRW� FKDQJH� VLJQLILFDQWO\� GXULQJ� D� IXOO� UHYROXWLRQ� RI�
WKH�SHUWXUELQJ�ERG\��WKH�YDULDWLRQ�RI�WKH�RUELW�RYHU�WLPH�
FDQ�EH�DSSUR[LPDWHO\�GHVFULEHG�WKURXJK�WKH�YDULDWLRQ�RI�
.HSOHULDQ� HOHPHQWV� GRXEOH� DYHUDJHG� RYHU� RQH� RUELW�
HYROXWLRQ� RI� WKH� V�F� DQG� RYHU� RQH� RUELWDO� UHYROXWLRQ� RI�
WKH�SHUWXUELQJ�ERG\��HLWKHU�WKH�0RRQ�RU�WKH�6XQ��WR�JLYH�
>�@��
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ZKHUH� a�� e�� i�� 
�� &�� DQG� hS� DUH� UHVSHFWLYHO\� WKH�
RVFXODWLQJ� VHPL�PDMRU� D[LV�� HFFHQWULFLW\�� LQFOLQDWLRQ��
DUJXPHQW� RI� WKH� DVFHQGLQJ� QRGH�� DUJXPHQW� RI� WKH�
SHULJHH�� DQG� SHULJHH� DOWLWXGH� PHDVXUHG� LQ� D� UHIHUHQFH�
V\VWHP� O\LQJ� LQ� WKH� SHUWXUELQJ� ERG\�(DUWK� SODQH�� ZLWK�
WKH� x�D[LV� ZKLFK� IROORZV� WKH�PRWLRQ� RI� WKH� SHUWXUELQJ�
SODQHW�RQ�WKLV�SODQH�� (DUWKP � LV�WKH�JUDYLWDWLRQDO�FRQVWDQW�

RI�WKH�(DUWK�DQG� DP �LV�WKH�JUDYLWDWLRQDO�FRQVWDQW�RI�WKH�

GLVWXUELQJ� ERG\�� HLWKHU� WKH�6XQ�RU� WKH�0RRQ� DQG�n� WKH�

RUELWDO�VSHHG� �
(DUWKP a ��1RWH�WKDW�WKH�HYROXWLRQ�RI�WKH�

DUJXPHQW� RI� QRGHV� LV� GHFRXSOHG� IURP� WKH� RWKHU� RUELWDO�
HOHPHQWV�� 7KH� OXQL�VRODU� DWWUDFWLRQ� LQGXFHV� ORQJ�WHUP�
DQG� VHFXODU� YDULDWLRQ� LQ� WKH� HFFHQWULFLW\�� LQFOLQDWLRQ��
DUJXPHQW� RI� WKH� QRGH� DQG� DUJXPHQW� RI� SHULJHH�� � )URP�
(T�� ���� LW� LV� FOHDU� WKDW� WKH� ERWK� WKH� LQFOLQDWLRQ� DQG� WKH�
SHULJHH� DOWLWXGH� LQFUHDVH� LI� �S Z S� � � DQG�

� � �S Z S� � � DQG� WKH\� GHFUHDVH� LI� � �Z S� � � DQG�

� �S Z S� � �� )RU� D� JLYHQ� YDOXH� RI� i�� WKH� PD[LPXP�

FKDQJH�LV�IRU� � �kZ S S � �ZLWK�k�DQ�LQWHJHU�QXPEHU���

&RQVLGHULQJ� DQ� HFFHQWULFLW\� LQ� WKH� LQWHUYDO�

> @���� ���� ��ZKLFK�LV�WKH�RQH�,17(*5$/�FRYHUV��Z �

GHFUHDVHV� LI� i� DQG�&� EHORQJ� WR� WKH� LQWHUYDOV� VKRZQ� LQ�
)LJXUH����,Q�WKH�FDVH�RI�,17(*5$/��IURP�-DQ�������WR�
DERXW� PLGGOH� RI� )HE�� ����� &� LV� LQ� WKH� UDQJH�



FRUUHVSRQGLQJ�WR�WKH�GHFUHDVH�RI�WKH�LQFOLQDWLRQ�DQG�WKH�
SHULJHH� DOWLWXGH�� 'XULQJ� WKHVH� \HDUV�� &� ZLOO� GHFUHDVH�
XQWLO�DERXW�0DU��������DQG�LQFUHDVH�WKHUHDIWHU��

�

Figure 2. Range of inclination and argument of perigee 
(in the Earth-Moon orbital plane) for different values of 
the eccentricity, associated with a decrease of the 
argument of the perigee. 

7KHVH�DQG�RWKHU�FRQVLGHUDWLRQV�ZHUH��IRU�H[DPSOH��WDNHQ�
LQWR�DFFRXQW� IRU�RSWLPLVLQJ� WKH�RSHUDWLRQDO�RUELW�RI� WKH�
,17(*5$/� PLVVLRQ� >�@�� ,Q� D� VLPLODU� ZD\� OXQL�VRODU�
SHUWXUEDWLRQV�� FRXSOHG� ZLWK� WKH� J�� SHUWXUEDWLRQ�� PD\�
SOD\� D� UROH� LQ� VSHHGLQJ� WKH� RUELWDO� GHFD\� RI� FHUWDLQ�
FODVVHV� RI� +(2�� E\� ORZHULQJ� WKH� SHULJHH� DOWLWXGH� RU� LQ�
WKH� RWKHU� ZD\� DURXQG� EH� H[SORLWHG� WR� LQFUHDVH� WKH�
SHULJHH�DOWLWXGH��

3 KOZAI ANALYTICAL THEORY FOR 
THIRD BODY PERTURBATION 

7KH�DQDO\WLFDO� WKHRU\�RQ�VHFXODU�SHUWXUEDWLRQV�RI�RUELWV�
DW� KLJK� LQFOLQDWLRQ� DQG� HFFHQWULFLW\� E\� .R]DL� LV� KHUH�
DSSOLHG� WR� DQDO\VH� WKH� VHFXODU� HYROXWLRQ� RI� DQ� KLJKO\�
HFFHQWULF� DQG� LQFOLQHG� (DUWK� FHQWUHG� RUELW� XQGHU� WKH�
HIIHFW� RI� WKH� 0RRQ� SHUWXUEDWLRQ� >�@�� 7KH� WKLUG� ERG\�
HIIHFW�RI�WKH�6XQ�DQG�(DUWK�REODWHQHVV�DUH�QHJOHFWHG��%\�
GHYHORSLQJ� WKH� GLVWXUELQJ� IXQFWLRQ� LQ� WHUPV� RI�

Da aD  �� WKH� UDWLR� RI� WKH� VHPL�PDMRU� D[LV� RI� WKH�

VSDFHFUDIW� DQG� WKH� 0RRQ�� � DQG� XVLQJ� 'HODXQD\¶V�
WUDQVIRUPDWLRQV�� WKH� G\QDPLFV� HTXDWLRQV� FDQ� EH�
GHVFULEHG�WKURXJK�D�WLPH�LQGHSHQGHQW�+DPLOWRQLDQ��7KH�
HYROXWLRQ� RI� WKH� RUELW� XQGHU� OXQDU� SHUWXUEDWLRQ� FDQ� EH�
SORWWHG�RQ�WKH� � �� � �eZ �SODQH��ZKHUH�Z �LV�WKH�DUJXPHQW�

RI� SHULJHH� PHDVXUHG� IURP� WKH� (DUWK�0RRQ� SODQH�� 7KH�
LQLWLDO�FRQGLWLRQ�RI�WKH�VSDFHFUDIW¶V�RUELW�LQ�WHUPV�RI�a��e��
i�� DQG�&�� GHILQHV� D� FRQWRXU� OLQH� LQ� WKH� � �� � �eZ � SODQH��

ZKLFK� UHSUHVHQWV� WKH� WUDMHFWRU\� RI� WKH� ORQJ� WHUP�
HYROXWLRQ� RI� WKH� VSDFHFUDIW�� )LJXUH� �� UHSUHVHQWV� WKH�
SKDVH�VSDFH�WUDMHFWRULHV�IRU� ����D  ��ZKLFK�FRUUHVSRQG�
D�VHPL�PDMRU�D[LV�RI����������NP�DQG� �������NPDa  �

WKH� PHDQ� GLVWDQFH� (DUWK�0RRQ�� 7KH� EODFN� OLQH�

DSSUR[LPDWHV� WKH� WUDMHFWRU\� RI� DQ� ,17(*5$/�OLNH�
VSDFHFUDIW� ZLWK� UHVSHFW� WR� WKH� (DUWK�0RRQ� SODQH� E\�
FRQVLGHULQJ� LWV� HSKHPHULGHV� RQ� ������������ 1RWH� WKDW��
LQ� WKLV� VLPSOLILHG�PRGHO��ZH�DVVXPH� WKH�0RRQ� WR�EH�DW�
]HUR�LQFOLQDWLRQ�ZLWK�UHVSHFW�WR�WKH�HFOLSWLF�SODQH��)XWXUH�
ZRUN� ZLOO� FRQVLGHU� WKH� DFWXDO� LQFOLQDWLRQ� RI� WKH�0RRQ�
ZLWK� UHVSHFW� WR� WKH� HFOLSWLF�� 2QH� HTXLOLEULXP� VROXWLRQ�
H[LVWV� LQ� FRUUHVSRQGHQFH� RI� �Z S � DQG� IRU� LQLWLDO�

FRQGLWLRQ� DURXQG� WKH� VWDWLRQDU\� SRLQW�� VXFK� WKDW� LQ� WKH�
FDVH� RI� ,17(*5$/�� WKH� WUDMHFWRU\� LV� OLEUDWLRQDO�� 7KLV�
PHDQV� WKDW� WKH� HYROXWLRQ� RI� Z � DQG� HFFHQWULFLW\� LV�
ERXQGHG��7KH�HYROXWLRQ�RI�WKH�LQFOLQDWLRQ�LV�GHWHUPLQHG�

E\�e�DQG�Z �IURP� � �� �� FRVe i4  � �ZKLFK�LV�D�FRQVWDQW�

RI�WKH�SKDVH�VSDFH��VHH�)LJXUH�����$V�D �LQFUHDVHV�RU�4 �
GHFUHDVHV�� WKH� VWDWLRQDU\� VROXWLRQ� PRYHV� WR� KLJKHU�
HFFHQWULFLWLHV�� 7KLV� FDQ� EH� VHHQ� LQ� )LJXUH� �� ZLWK� UHG�
OLQHV��

�

�

Figure 3 � �� � �eZ  phase space evolution under third-

body perturbation. Black line: INTEGRAL-like s/c. 

�

�

Figure 4. Evolution of the inclination as a function of e 
and �Z . 



�

Figure 5. � �� � �eZ  phase space evolution under third-

body perturbation. Blue lines: �������4 , red 
lines: �������4  which corresponds to an increase of 
HFFHQWULFLW\�RI�����ZLWK�UHVSHFW�WR�,17(*5$/¶V� 

4 STRATEGY FOR AN EARTH RE-ENTRY 

7KH� DQDO\VLV� RI� WKH� � �� � �eZ � SKDVH� VSDFH� FDQ� EH�

H[SORLWHG� WR� DQDO\VH� SRVVLEOH� VWUDWHJLHV� IRU� +(2�
VSDFHFUDIW� GLVSRVDO� DW� WKH� HQG�RI�OLIH�� 7KH� LQLWLDO�
FRQGLWLRQV� RI� WKH� VSDFHFUDIW� LGHQWLI\� D� WUDMHFWRU\� LQ� WKH�
SKDVH�VSDFH��KHQFH�LV�SRVVLEOH�WR�GHVLJQ�PDQRHXYUHV�WR�
PRYH� WR� DQRWKHU� WUDMHFWRU\� LQ� WKH� SKDVH� VSDFH�� ,Q� FDVH�
ZH� ZDQW� WR� WDUJHW� D� UH�HQWU\�� WKH� VSDFHFUDIW� QHHGV� WR�
WUDQVIHU� RQ� D� SKDVH� VSDFH� WUDMHFWRU\� WKDW�� DW� D� FHUWDLQ�
WLPH�� UHDFKHV� D� FULWLFDO� HFFHQWULFLW\�� LQ� FRUUHVSRQGHQFH�
RI�ZKLFK�WKH�SHULJHH�HQWHUV�WKH�(DUWK¶V�DWPRVSKHUH��

� � �FULW (DUWK ��GUDJ� pe R h a � � � ����

$�PDQRHXYUH��RU�VHULHV�RI�PDQRHXYUHV��ZKLFK�PRGLILHV�
RQO\� Z �DQG�e�DQG� i�VR�WKDW� 4 �UHPDLQV�FRQVWDQW�DOORZV�
WUDQVIHUULQJ�RQ�D�GLIIHUHQW�OLQH�RI�WKH�VDPH�SKDVH�VSDFH�
�IRU� UH�HQWU\� ZH� ZRXOG� DLP� DW� D� ODUJHU� OLQH��� $�
PDQRHXYUH� �RU� VHULHV� RI� PDQRHXYUHV�� ZKLFK� FKDQJHV�
RQO\� WKH� VHPL�PDMRU� D[LV� ZRXOG� DOORZ� PRYLQJ� WKH�
VWDWLRQDU\�SRLQWV��DQG�KHQFH�WKH�FHQWUH�RI�OLEUDWLRQ�RI�WKH�
SKDVH� VSDFH� OLQH�� ,Q� RUGHU� WR� DVVHVV� WKH�PDQRHXYUH� IRU�
UH�HQWU\� LQ� WKH� SKDVH� VSDFH�� ZH� VHOHFWHG� IRXU� LQLWLDO�
FRQGLWLRQV��SRVLWLRQHG�UHVSHFWLYHO\�DW�WKH�PLQLPXP�DQG�
PD[LPXP� HFFHQWULFLW\� DQG� DW� WKH� PLQLPXP� DQG�
PD[LPXP Z� �� )URP� HDFK� RI� WKHVH� SRLQWV�� DQ�
RSWLPLVDWLRQ� SURFHGXUH�ZDV� XVHG� WR� GHWHUPLQH� WKH� WUXH�
DQRPDO\�IRU�WKH�PDQRHXYUH�DORQJ�WKH�RUELW�f�DQG�WKH� v' �

PDJQLWXGH� DQG� GLUHFWLRQ� � �� �v G E' � VXFK� WKDW�� LQ� WKH�
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*DXVV� SODQHWDU\� HTXDWLRQV� IRU� ILQLWH� GLIIHUHQFHV� ZKHUH�

XVHG�WR�FRPSXWH�WKH�FKDQJH�LQ�RUELWDO�HOHPHQWV�>�@��WKHQ�
WKH� IROORZLQJ� RUELW� HYROXWLRQ� ZDV� FRPSXWHG� WKURXJK�
(TV�� ����� $�PXOWL�VWDUW�PHWKRG� ZDV� LQLWLDWHG�� IROORZHG�
E\� ORFDO� FRQVWUDLQHG� RSWLPLVDWLRQ� RI� WKH� EHVW� VROXWLRQV��
)LJXUH� �� VKRZV� WKH� SKDVH� VSDFH� WUDMHFWRU\� REWDLQHG� LQ�
HDFK�FDVH�DQG�WKH�FRUUHVSRQGLQJ�PDQRHXYUH��0�� LV� WKH�
PDQRHXYUH� DW� WKH� PLQe� SRLQW� �JUHHQ��� 0�� LV� WKH�
PDQRHXYUH� DW� WKH� PD[e� SRLQW� �PDJHQWD��� 0�� LV� WKH�

PDQRHXYUH� DW� WKH� � �PLQ �Z � SRLQW� �UHG���DQG�0�� LV� WKH�

PDQRHXYUH� DW� WKH� � �PD[ �Z � SRLQW� �F\DQ��� ,W� LV�

LQWHUHVWLQJ� WR� QRWH� WKDW� LQ� WKH� IRXU� FDVHV�� DOWKRXJK� WKH�
PDQRHXYUH�LV�GLIIHUHQW��WKH�VSDFHFUDIW�UHDFKHV�WKH�VDPH�
SKDVH�VSDFH�OLQH��
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Figure 6. Phase space trajectory to decrease the perigee 
to 600 km. The cross indicates where the v'  
manoeuvre is applied. From the top: M1, M2, M3, M4.  

7KLV�FDQ�EH�DOVR�VHHQ�LQ�WKH��'�UHSUHVHQWDWLRQ�LQ�)LJXUH�
�� ZKHUH� WKH� LQLWLDO� SKDVH� VSDFH� WUDMHFWRU\� LV� WKH� EODFN�
OLQH� DQG� WKH� SKDVH� VSDFH� WUDMHFWRU\� DIWHU� WKH� v' �
PDQRHXYUH�LV�WKH�PDJHQWD�OLQH��1RWH�WKDW�LQ�WKH�FDVH�RI�
PLQe� WKH� PDQRHXYUH� LQFUHDVHV� WKH� LQFOLQDWLRQ�� KHQFH�
GHFUHDVHV� 4 �� LQ� WKH� FDVH� RI� PD[e� WKH� PDQRHXYUH�
LQFUHDVHV� WKH� HFFHQWULFLW\� KHQFH� DJDLQ� 4 � LV� GHFUHDVHG��
,Q� ERWK� FDVHV� WKH� VHPL�PDMRU� D[LV� LV� GHFUHDVHG�� ZKLFK�
DOVR�GHFUHDVHV�WKH�YDOXH�RI� FULWe �WR�EH�UHDFKHG��

�
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Figure 7. Phase space trajectory to decrease the perigee 
to 600 km. 

Table 1: ûY�UHTXLUHPHQWV�WR�for re-entry to 600 km. 

Manoeuvre Value [km/s] 
0�� ��������
0�� ��������
0�� ��������
0�� ��������
0�� ��������
�

7KH� FDVHV� RI� PLQe� �JUHHQ� OLQH�� DQG� PD[e� �PDJHQWD�

OLQH��DQG� � �PLQ �Z ��UHG�OLQH��ZHUH�WKHQ�VROYHG�DOVR�E\�

FRQVLGHULQJ� WKH� PRUH� DFFXUDWH� PRGHO� RI� SHUWXUEDWLRQV�
�OXQL�VRODU�DQG�J��� DQG� WKH� UHVXOW� LV� VKRZQ� LQ� )LJXUH� ��
DQG�7DEOH����1RWH�WKDW��WKH� v' �UHTXLUHPHQWV�LQ�WKH�IXOO�
G\QDPLFDO� FDVH� DUH�QRW� H[SHFWHG� WR� EH� RSWLPDO�DV� WKH\�
ZHUH� FRPSXWHG� ZLWK� ORFDO� RSWLPLVDWLRQ� XVLQJ� DV� ILUVW�
JXHVV� WKH� VLPSOLILHG� PRGHO�� 0RUHRYHU�� LQ� WKH� UHDO�
VFHQDULR�� J�� DQG� VRODU� SHUWXUEDWLRQ� SOD\� DQ� LPSRUWDQW�
UROH��$�IXWXUH�ZRUN�ZLOO� LQFOXGH� WKH�J�� HIIHFW�DQG�VRODU�
SHUWXUEDWLRQ�LQ�D�VLPSOLILHG�SKDVH�VSDFH�PRGHO��

���

�
�
�
�
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Figure 8. Phase space trajectory to decrease the perigee 
to 600 km with full dynamical model. 

Table 2: ûY�UHquirements to decrease the perigee to 600 
km with full  dynamical model. 

Manoeuvre Value [km/s] 
0��IXOO�G\QDPLFDO�PRGHO� ��������
0��IXOO�G\QDPLFDO�PRGHO� ��������
0��IXOO�G\QDPLFDO�PRGHO� ��������
�

1RWH� DOVR� WKDW� WKH� PDQRHXYUH� 0�� FRUUHVSRQG� WR� D�
PDQRHXYUH� SHUIRUPHG� DW� WKH� DSRJHH� RI� tv�' � LQ�

WDQJHQWLDO� GLUHFWLRQ� WR� GHFUHDVH� WKH� SHULJHH� RI� ph' �� ,Q�

WKLV�FDVH��WKH�UHTXLUHG� v' �FDQ�EH�VLPSO\�FRPSXWHG�DV��

� � � � �� �
��DSR (DUWK � � �t pv h a e eP'  ' � � � ����

)LJXUH���FRPSDUHV�WKH�UHVXOWV�REWDLQHG�LQ�7DEOH���WR�WKH�
v' � WR� GHFUHDVH� WKH� SHULJHH� DOWLWXGH� RI� ,17(*5$/�

EHORZ� ���� NP�� DSSO\LQJ� D� VLQJOH� PDQRHXYUH� DW� WKH�
DSRJHH�DV�LQ�(T�������7KH�UHG�OLQH�VKRZV�WKH�UHPDLQLQJ�

v' � FDSDELOLWLHV� DVVXPLQJ� WKH� VSDFHFUDIW� VSHFLILF�
LPSXOVH�RI�����V�>��@����

�

Figure 9. ûY�UHTXLUHPHQWV�WR�GHFUHDVH�WKH�SHULJHH�ZLWK�
a single manoeuvre at the apogee. 

5 WEAK CAPTURE TRAJECTORIES 

7KH� VHFRQG� GLVSRVDO� VWUDWHJ\� FRQVLGHUHG� KHUH� DLPV� DW�
WUDQVIHUULQJ�WKH�V�F�RQ�D�ZHDN�FDSWXUH�RUELW�DW�WKH�0RRQ��
7KLV� FDQ� EH� GHVLJQHG� E\� FRQVLGHULQJ� WKDW� DW� WKH� VDPH�
WLPH� (DUWK� DQG� 0RRQ� DIIHFW� WKH� PRWLRQ� RI� WKH�
VSDFHFUDIW��,Q�WKLV�ZD\��WKH�SUREH�FDQ�EH�FDSWXUHG�LQVLGH�
WKH�JUDYLWDWLRQDO� VSKHUH�RI� LQIOXHQFH�RI� WKH�0RRQ�IRU�D�
VXIILFLHQWO\�KLJK�DPRXQW�RI�WLPH��ZLWKRXW�EHLQJ�LQVHUWHG�
LQWR�DQ�RUELW�DERXW�LW��,Q�SULQFLSOH��QR�SURSHOODQW�ZRXOG�
EH� UHTXLUHG� WR� RUELW� DURXQG� WKH�0RRQ� DQG� WKHQ� PRYH�
DZD\� IURP� LW�� DV� WKHUH� H[LVW� WUDMHFWRULHV� WKDW� QDWXUDOO\�
DFKLHYH� WKLV� SXUSRVH�� � 7KH� PHWKRGRORJ\� LPSOHPHQWHG�
KHUH� LV� HVWDEOLVKHG� RQ� WKH� XQVWDEOH� LQYDULDQW� PDQLIROG�
ZKLFK� DULVHV� LQ� WKH� QHLJKERXUKRRG� RI� WKH� FROOLQHDU�
HTXLOLEULXP� SRLQW� /�� LQ� WKH� &5�%3� DSSUR[LPDWLRQ�
>��@�>��@�>��@�� 2WKHU� VWUDWHJLHV�� VXFK� DV� DQ� DQDO\VLV� RI�
WKH�RUELWDO�HOHPHQWV�ZLWK�UHVSHFW�WR�WKH�0RRQ�EDVHG�RQ�
WKH� GRXEOH� DYHUDJHG� HTXDWLRQV� RU� WKH� H[SORLWDWLRQ� RI�
KHWHURFOLQLF� FRQQHFWLRQV� EHWZHHQ�/�� DQG�/��K\SHUEROLF�
PDQLIROGV��FDQ�EH�IRXQG�IRU�LQVWDQFH�LQ� >��@��:H�UHFDOO�
WKDW� LQ� WKH� &5�%3� PRGHO�� WKH� VSDFHFUDIW� LV� DVVXPHG�
PDVVOHVV� DQG� DIIHFWHG� RQO\� E\� WKH� JUDYLWDWLRQDO�
DWWUDFWLRQ� RI�(DUWK�DQG�0RRQ��ZKLFK�PRYH� RQ� FLUFXODU�
RUELWV� DURXQG� WKHLU� FRPPRQ� FHQWUH� RI� PDVV� >�@�� 7KH�
FDQRQLFDO�V\QRGLFDO�UHIHUHQFH�V\VWHP�DQG�WKH�VHW�RI�QRQ�
GLPHQVLRQDO� XQLWV� VXFK� WKDW� � �������� LV� WKH� PDVV�
SDUDPHWHU��WKH�XQLW�RI�OHQJWK�LV�HTXDO�WR��������NP�DQG�
WKH�XQLW�RI�YHORFLW\�LV��������NP�V��,W�LV�ZHOO�NQRZQ�WKDW�
WKLV� G\QDPLFDO� PRGHO� DGPLWV� ILYH� HTXLOLEULXP� SRLQWV��
/��/�� DQG� WKDW� WKHUH�H[LVWV�RQH� ILUVW�LQWHJUDO�RI�PRWLRQ��
UHSUHVHQWLQJ� WKH� HQHUJ\� RI� WKH� SUREH�� QDPHO\� &-��
'HSHQGLQJ�RQ�WKH�YDOXH�RI�&-� WKHUH�PLJKW�H[LVW�UHJLRQV�
ZKHUH�WKH�PRWLRQ�LV�IRUELGGHQ��,Q�WKH�QHLJKERXUKRRG�RI�
HDFK�FROOLQHDU�HTXLOLEULXP�SRLQW��/���/���/���WKHUH�H[LVW�D�
FHQWUDO� DQG� D� K\SHUEROLF� LQYDULDQW� PDQLIROG�
>��@�>��@�>��@�� 7KH� FHQWUDO� PDQLIROG� LV� ILOOHG� ZLWK�
SHULRGLF� �H�J��� /\DSXQRY� DQG� KDOR�� DQG� TXDVL�SHULRGLF�
�H�J��� /LVVDMRXV� DQG� TXDVL�KDOR�� RUELWV� �SOXV� VRPH�
FKDRWLF�UHJLRQV���DQG�WR�HDFK�RI�VXFK�ERXQGHG�VROXWLRQV�
FRUUHVSRQG� RQH� VWDEOH� DQG� RQH� XQVWDEOH� LQYDULDQW�
PDQLIROG�� 7KH\� ORRN� OLNH� WXEHV� RI� DV\PSWRWLF�
WUDMHFWRULHV� WHQGLQJ� WR�� RU� GHSDUWLQJ� IURP�� WKH�
FRUUHVSRQGLQJ� RUELW��:KHQ� JRLQJ� IRUZDUG� LQ� WLPH�� WKH�
WUDMHFWRULHV� RQ� WKH� VWDEOH� PDQLIROG� DSSURDFK�
H[SRQHQWLDOO\� WKH� SHULRGLF�TXDVL�SHULRGLF� RUELW�� ZKLOH�
WKRVH� RQ� WKH� XQVWDEOH� PDQLIROG� GHSDUW� H[SRQHQWLDOO\�
IURP�LW��7KH�ERXQGDU\�EHWZHHQ�WKH�(DUWK�DQG�WKH�0RRQ�
UHDOPV�LV�UHSUHVHQWHG�E\�WKH�+LOO
V�VSKHUH��ZKRVH�UDGLXV�

LV�GHILQHG�DV� � �� �+LOO � a �������NPR P ��7R�GHVLJQ�D�

JUDYLWDWLRQDO� FDSWXUH�ZH�SURSDJDWH� IRUZDUG� LQ� WLPH� IRU�
DERXW� ���� GD\V� WKH� XQVWDEOH� LQYDULDQW� PDQLIROG�
DVVRFLDWHG�ZLWK�KDOR�DQG�YHUWLFDO�/\DSXQRY�SHULRGLF�/��
RUELWV� XQWLO� WKH� FRUUHVSRQGLQJ� WUDMHFWRULHV� HVFDSH� HLWKHU�
IURP� WKH� 0RRQ
V� UHDOP� RU� LPSDFW� RQWR� WKH� 0RRQ�� $�
GLVSRVDO� WRZDUGV� WKHVH� SDWKV� FDQ� EH� FRQYHQLHQW� WR�
H[WHQG� WKH� PLVVLRQ� OLIHWLPH�� WR� SHUIRUP� VRPH�





SHUWXUEDWLRQV�DQG�WKH�(DUWK�REODWHQHVV�WR�WKLV�DLP�DQG�WR�
LQFUHDVH�WKH�RUELW�DSRJHH�ZLOO�EH�LQYHVWLJDWHG��
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Figure 12. x-y projection of a weak capture trajectory 
(blue) at the Moon obtained by propagating the 
unstable invariant manifold of a halo L1 orbit and 
endgame strategy (red). Synodical reference system with 
non-dimensional units. The black circle represents the 
Hill 's sphere at the Moon. 

�

Figure 13. x-y projection of the endgame strategy of 
Figure 12 displayed in the inertial reference system 
centred at the Earth. Non-dimensional units. 

6 CONCLUSIONS 

7KLV� DUWLFOH� SUHVHQWV�D� SUHOLPLQDU\� DQDO\VLV� RI� SRVVLEOH�
VWUDWHJLHV�IRU�WKH�GLVSRVDO�RI�+LJKO\�(OOLSWLFDO�2UELWV��$�
SKDVH� VSDFH� DQDO\VLV� RI� OXQL�VRODU� SHUWXUEDWLRQ� DOORZV�
GHVLJQLQJ� PDQRHXYUHV� IRU� (DUWK� UH�HQWU\�� ZKLOH�0RRQ�
UHVRQDQFHV� FDQ� EH� H[SORLWHG� IRU� LQMHFWLRQ� LQ� ZHDN�
FDSWXUH� RUELWV� ZLWK� WKH� 0RRQ�� )XWXUH� ZRUN� ZLOO� GHDO�
ZLWK� WKH� RSWLPLVDWLRQ� RI� UH�HQWU\� PDQRHXYUHV�
FRQVLGHULQJ� WKH� IXOO� G\QDPLFDO� PRGHO� DQG� LQFOXGLQJ�
PXOWLSOH� v' � PDQRHXYUHV�� 0RUHRYHU�� WKH� SKDVH�VSDFH�
ZLOO�EH�H[WHQGHG�IRU�GHVLJQLQJ�VWDEOH�RUELWV�WDUJHWLQJ��
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