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Abstract

A mathematical model of space debris evolution taking into account the growth, self-
production of debris and space self—cleaning is worked out. The results of long-time forecast of
orbital debris evolution for different altitudes are presented. Numerical simulation based on the
simplified mathematical model shows that the rapid growth of the amount of debris particles
takes place for different altitudes at different periods of time.

Introduction

The space activity of the population of the
Earth has generated a great amount of orbital
debris, 1. e. manmade objects lauunched into
space and fragments inactive and not serving
a useful purpose any more [1-4]. The number
of trackable debris (larger than 10 cm.) has
been increasing since the beginnig of the spase
era and now reaches 7500 objects with total
mass 2,2 - 10%kg. The smaller objects cannot
be detected from the Earth by available ob-
serving devices: radars and telescopes. The
objects of dimensions 1 cm + 10 cm separating
construction elements and contain fragments
of the spacecrafts generated as a result of

explosions or collisions. Their number reaches
17 000 that is 0,5 % of the amount of debris and
the mass =~ 10%kg. The number of particles of
0,1 + 1 cm. originated as a result of orbital
explosions and collisions of spacecrafts reaches
3 500 000 objects. All those objects remain in
the orbit for periods of sufficient duration to
become a hazard to space activity [5-6].

The growth of poly-sized space debris during
the last years makes us face the inevitability of
solution of the problem of determination of the
orbital debris environment. The description of
debris evolution and the determination of the
amount of space debris in elliptical orbits is
impossible without a profound mathematical
model predicting the evolution of space debris
and its growth due to
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realization of space programmes. The paper
represents a new mathematical model of space
debris evolution based on continuum mechan-
ics multiphase models [10]. The structure of
profound mathematical model takes into ac-
count: a) the influence of the atmosphere of
the Earth on debris particles motion, b) the
influence of the Sun radiation, ¢) the polydis-
persed character of debris particles, d) the in-
teraction of debris particles of different size, e)
the growth of the amount of debris due to the
break up of satellites, f) the additional growth
of debris environment in course of realization
of new space programmes, g) the model of self-
cleaning of low orbits (below 600 km). A con-
ceptual block diagram for computer modelling
is constructed, having a modularized structure
that allows independent development of indi-
vidual components ( submodels) of break up,
growth of debris atmospheric and radiative in-
fluence, selfcleaning etc.

Mathematical model

The whole number of particles of space debris
can be devided into finite number of phases
(N), including particles of close diameters d €
Se(d;). Then the mass equation for the ¢ — th
phase looks as follows

Opia;

N.
at ? ’

+divp;asv; =I;, 1=1,.. (1)
where p;, U;, a; — are the density, velocity and
volumetric concentration of the : — phase of
debris; I; = Zjvzl kij + M; — p; — is the mass
flux to the 7 - th phase due to the destruction
of the other (j — th) phases in the course of

collisions (k;;), the destruction of lardge space
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object and realisation of new space
programmes (M;), and diminishing of the mass
of the ¢ — th phase (u;) as a result of slowing-
down of particles and its combustion in the
atmosphere.
The momentum equation in the coordinate
system fixed to the Earth has the following
form:

O0pia;v;

ot

—F+B+Ki+2@xv), i=1,...,N. (2)

The second additional in the left side of the
equation (2) represents a vector with the com-

Ky — 3 d_anloukl. R
ponents {D*} = {>7_, grpicivivi}; F
characterises mass forses (gravitational and

-
)

+ divp;a;0;0; =

magnetic); B, characterises the pressure of the
Sun radiation; K; - the additional impulse of
the i-th phase, appearing as a result of mass
flux to the ¢+ — th phase I;.

Components 3;; practically determine the ve-
locities of mass fluxes to the ¢-th phase as a re-
sult of destruction of particles of the j-th phase
and form the antisymmetrical tensor

Mij = — XMy,

The values of the components of this tensor
depend upon probabilities of collision of the
particles of the j-th phase with other particles,
the mechanism of interaction and destruction
of colliding objects and the number of particles
of the i-th phase among all the particles orig-
inated as a result of breakup. The probability
of collision of two objects can be determined as
a multiplication of the probabilities of the lo-
cation of each object at one and the same mo-
ment in a small volume with dimensions less
than the sum of characteristic dimensions of

the objects (di + d;):

Pkj = PkDj.



Probabilities p; and pi depend upon the dis-
tribution of objects in space and are propor-
tional to the number of objects per unit volume
n;, ny and characteristic crossections sj; ~
(dj + di)?,

Pkj = PkPj =

= kjnj(d; + di)*keni(dj + dx)*. (3)

The probability of collision of an object belong-
ing to the j-th phase with objects belonging to
all other phases k = 1, ..., NV is the sum of prob-

abilities
N N
Bi=) pi
k=1

Thus the velocity of mass flux to the :-th phase
as a result of breakup of objects of the j-th
phase can be determined as follows:

N
Hij = Z kkkjnknj(dk + Clj)4><

k=1

K} i (10% = T3, diy precennn) —

N
Z kkkinkni(dk + di)4><

k=1
K], (18 — B, ks pree-enn), (4)

where functions K} ; characterise the mass of
particles of the i-th phase appearing as a result
of fragmentation of objects of the j-th phase in
the course of collision with the k-th phase. It
depends upon the velocity of collision, mass,
density, matherial structure etc. The function
K} jisan external parameter for this problem
determined by solving problems of hyperveloc-
ity impact [11-14]. The first additional in the
formula (4) characterises the positive mass flux
to the :-th phase and the second additional
characterises the negative mass flux, i.e. the
mass flux from the ¢-th to the j-th phase as a

result of collision of particles of the i-th phase
with other particles and its fragmentation. It
should be marked separately that function K} i
is equal to zero if d; > d;.

The rate of mass loses of the i-th phase y; as a
result of slowing down the particles and com-
bustion in the dense layers of the atmosphere
can be determined as a number of particles de-
scending annually on the orbits with perigeous
height R < R;.. From those orbits further de-
celeration and motion along ballistic trajectory
begins in the atmosphere of the Earth. The
value of R;, differs for the particles of different
phases.

The mean volumetric mass force F,- is deter-
mined by a formula:

Fli = _Piaig(f)gr_

3ai

where ¢(Z) is the gravitational acceleration;
€r - the physical component of a radial ba-
sis vector in a spherical system of coordinates;
po(Z,t) - density distribution in the

atmosphere, depending on altitude and taking
into account 11 year cycle of the Sun activity;
cﬁc - drag force coefficient for a particle moving
in a rarefied gas. For spherical particles this
coefficient can be determined by a formula:

1 1 — -
§C}Pa(w,t)vi|vz’|

i 2¢ B! 9
TP st a8t -1+ 2T (9

where

R LT T N (L
ﬂz—'vz Pk /sz U3 2% i,
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2 [P .
erf(B;) = — e dx;
fe)= 2= |

Mg - the mean molar mass of gases in the up-
per layers of the atmosphere; « - the Boltsman
constant; T, - the temperature of gas; T; - the
surface temperature of the particle; o - the in-
teraction coefficient, taking into account the
character of interaction of gas molecules with
a moving particle.

The movement of particles of relatively small
dimensions in Space is influenced by the pres-
sure of Sun radiation p,. The mean volumetric
force P; in the equation (2), characterising this
pressure, can be determined in the following
way:

. & 3}
B, = pr%nig(f,t)ﬂ(—g- R)=

3 o

= §prd—i (7)

where 3(Z,t) is a vector of a unit length char-
acterising the direction from the Sun to the
particle, R - radius vector from the centre of
the coordinate system to the particle;

FH(-35 R);

S ORS ,

1, f z>0.

The function H in the formula (7) equals to
zero if the particle is on the dark side of the
Earth. The formula (7) shows that for the ob-
jects of smaller size the mean volumetric force
P; in the equation (2) grows up. The symbol n;
in the formula (7) means a number of particles
of the ¢-th phase per unit volume:

o 6011'
N 7rd? ’

(8)

g
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Momentum flux to the :-th phase from the
other phases can be determined by the follow-
ing formula

N N
K, = Z 23515 + Z Mixvik — piv3; - (9)
=1

i=1

where ¥;; is the velocity of particles of the i-th
phase originated in course of fragmentation of
the objects of j-th phase; Uy, M - velocity
and mass of particles of the ¢-th phase orig-
inated either as a result of breakup of a k-
th macroobject or in course of realisation of
a new Space programs (launches, separations,
etc.). Parameters 07, M, are external for the
model.

The last additional in the formula (9) charac-
terises the momentum loses of the i-th phase
as a result of slowing down and combustion of
the particles in the atmosphere.

Thus the mathematical model is worked out
that makes it possible to follow the evolution of
clouds of fragments of different size taking into
account the interactions, breakups, radiation,
gravitational and aerodynamic drag forces etc.

Simplified models

Sometimes to have a longterm forecast the
mathematical model can be simplified to de-
termine the number of particles at different al-
titudes, neglecting the distribution of particles
in space.

The mass conservation equation (1) can be
rewritten in the following form to determine
the

number of particles of the ¢-th phase per unit
volume n;:



387’:' + divn;v; =
N
6
=Z¢ij+qz i (10)

where ;5 is a number of particles of the :-th
phase originated as a result of fragmentation
of the j-th phase per time unit and ¢; is the
rate of origin of particles of the ¢-th phase as
a result of destruction of large Space objects
and realization of new Space programs.

The possible simplification is the assumption
that most of particles move along a circular
trajectories [8]. This assumption has enough
reason because most of trackable objects have
trajectories with very small eccentricities.
The momentum equation as an equation of
vector—type can be rewritten in two projec-
tions: on the radius—vector and on the tangent
to the trajectory.

Let the velocity physical components be v =
(vri, Vgi, Vyi) and let us name the radial com-
ponent v,; = w; and the tangential component
|vgi, Vpi| = vi. The following relation is valid
for debris particles evolution : w;/v; <€ 1, as
the velocity of descent of debris due to atmo-
spheric drag is very low in the upper layers of
the atmosphere. So for the equation (2) projec-
tion on the r—axis we may use quasi—stationar
approximation.

The influence of Sun radiation can also be ne-
glected. The equation (2) looks as follows un-
der these assumptions

dv; 1 wd?
oz,-p,'d—tz =F = §cfpa(r,t)vi2n,~—2—’—; (11)
a;piv? yM

(12)

= aipig(r) = ifi~ 57

where 7 is the gravitational constant and M is
the mass of the Earth. Then the velocity of

debris particles descent can be determined as
follows: w; = dr/dt.

Averaging in longitude and latitude gives us
the following form of the equation (10)

ow __, 0w,
ot i,

-~ N; % + N; (13)
where N; is the number of debris particles of
the i-th phase per unit altitude; N; - the rate of
the increase of particle number. The equation
(13) with some additional assumptions is sim-
ilar to the equation used in [ 9 ] for modelling
of Space self—cleaning of debris.

To solve the equation (13) the velocity w; can
be determined independently from the equa-

tions (11), (12) :

_3esvyMr

1
3" pud; (14)

wy; = pa(r,t),

where function p,(r,t) can be obtained from
one of the models of a standart atmosphere or
its approximations [ 8 ].

Parameters %;; in the equation (10) can be de-
termined by the same formula (4) as s;; but
instead of functions K} ; we must use functions
Ni ; determining the number (and not mass) of
particles of the i-th phase appearing as a result
of fragmentation of objects of j-th phase in the
course of collision with the objects of the k-th
phase. The function N; is obtained as a result
of steradional summing up the right part of the
equation (10).

The annual rate of origin of new debris parti-
cles per unit altitude due to space activity of
the Mankind @); can be determined by a mod-
ification of formula suggested in [ 7 ].

N;
Qi = L[(l - Fe)AlDl +FeDeAe] N+’ (15)
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where N* = 2N, flfol Nidr; L -the annual
number of launches; A;, A; - the average
amount of objects originating in the orbit due
to one successful launch A; and an exploding
one A¢; Dy, D, - part of the originated objects
remaining in the orbit for a long period after
a successful launch and after an explosion on
the orbit correspondingly; Fe - the coefficient
characterising the amount of explosions among
all the launches.

The initial conditions are obtained in the fol-
lowing way. The whole number of trackable
objects (d; 2 10 em) and its distribution vs al-
titude are introduced. In addition the numbers
of untrackable objects (1lem < d; < 10em and
0.1em < d; < lem) are introduced. The dis-
tribution of untrackable objects vs altitude is
estimated and the character of its distribution
is supposed to be the same as that for trackable
ones.

The calculations were carried out for a sim-
plified problem to estimate the whole number
of particles of different size. For this purpose
the effective diameter d was introduced and
the whole number of particles was reguarded as
one phase. This simplification was done just to
obtain the illustrative material and the intro-
duction of several phases that differ from one
another by the diameters of objects included
and inclinations of the orbits does not make a
serious difficulty.

Under these conditions the rate of fragmen-
tation of particles in course of collisions was
introduced by the formula

T = Fn?d*. (16)
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Results and discussion

The calculations were carried out for the fol-
lowing values of parameters: L = 120 launches
per year; A; = 4 objects per launch; A, = 125
objects per launch; D; = 0.63; D, = 0.82;
F, = 0.03; the number of trackable objects was
estimated as 7000.

The results of numerical modelling are shown
in Fig.1 illustrating the plots of number of de-
bris particles vs time and altitude. The initial
distribution for the year of 1990 is not shown
in the Fig.1 but it is similar to that shown
for the year of 2000. It is clearly seen from
the Fig.1 that the distribution of the number
of particles vs altitude has two zones of maxi-
mum: 650km < h < 1000km, 1400km < h <
1500km;, - and this picture is qualitatively pre-
served for rather a long period of time. The
increase of the population of the orbits within
the first two hundreeds years is rather slow but
steady. Nowadays the number of debris par-
ticles in the orbits is far from being critical.
After the critical conditions are reached the
number of collisions of debris particles grows
rapidly and the self-production of debris takes
place [ 3 ]. After the critical concentration
of particles per volume unit n is achieved the
orbit can no longer be used for space flights.
Since then the new launches on the orbit are
considered to be stopped. The critical condi-
tions are reached on different altitudes at dif-
ferent periods of time. In the orbits of higher
altitudes the process of debris self-production
begins later. The results obtained have rather
simple explanation within the model applied.
On the first stage of debris evolution the colli-
sions of particles are rare and the average di-
ameter d remains stable.

The growth of the number of debris particles
in course of collisions is proportional to the



particles concentration in the second power
U ~ n?. After the concentration increases to a
critical value and the number of particles grows
rapidly the new space programmes are stopped
and since then the volumetric concentration of
debris in the orbit remains stable

a = (7d®/6)n = const.

Thus the growth of particles turns to be pro-
portional to ~ n?/3 (see formula (16)). Be-
sides the drag force F = (1/2)cspav*(3a/2d)
increases with the diminishing of size of parti-
cles.

Thus the mathematical model of space debris
evolution is worked out. The possible simpli-
fications of the model are reguarded. Numeri-
cal results of long—time forecast of the orbital
debris distribution show the possibility of de-
scription of evolution of debris particles with
the help of suggested model taking into ac-
count the influence of the atmosphere, colli-
sions of particles, the growth of debris due to
realization of new space programmes.
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Fig. 1. Long-term forecast of the orbital debris distribution



